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Abstra
tA 
hange of spatial topology in a 
ausal, 
ompa
t spa
etime 
annot o

urwhen the metri
 is globally Lorentzian. On any 
obordism manifold, how-ever, one 
an 
onstru
t from a Morse fun
tion f and an auxiliary Riemannianmetri
 h�� a 
ausal metri
 g�� whi
h is Lorentzian almost everywhere ex
eptthat it degenerates to zero at ea
h 
riti
al point of f . We investigate 
ausalstru
ture in the neighbourhood of su
h a degenera
y, when the auxiliary Rie-mannian metri
 is taken to be Cartesian 
at in appropriate 
oordinates. Forthese geometries, we verify the 
onje
ture that 
ausal dis
ontinuity o

urs ifand only if the Morse index is 1 or n� 1.a Email: borde�
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1 Introdu
tionSpatial topology 
hange is in
ompatible with having both a non-degenerate Lorentz-ian metri
 and a 
ausal partial order on all spa
etime points [1℄. One or otherof these 
onditions must be given up if topology 
hange is to o

ur. However,even if the 
ausal order is abandoned and 
losed timelike 
urves (CTCs) allowed,there are 
ertain topology 
hanges, in
luding physi
ally interesting ones su
h as thepair produ
tion of Kaluza-Klein monopoles, that still 
annot o

ur via a globallyLorentzian spa
etime [2, 3℄. On the other hand if CTCs are ex
luded, all possibletopology 
hanges are permitted at a kinemati
al level as long as the metri
 is allowedto degenerate to zero at �nitely many isolated \Morse points" [4, 5℄.In the Sum-Over-Histories (SOH) framework for quantum gravity, the transitionamplitude between two non-di�eomorphi
 spa
elike hypersurfa
es V0 and V1 is givenas a sum over all interpolating geometries (see for example [2, 6, 7, 8, 9, 10, 11℄),possibly with a 
onstraint on the total spa
etime volume [12℄. These geometries areusually taken to be given by everywhere invertible metri
s. As dis
ussed in [13, 14℄,this pres
ription 
an be generalised to in
lude the so-
alled \Morse geometries" onthe interpolating 
obordism M , where �M = V0 q V1 (q denoting disjoint union).A Morse metri
, g, is de�ned to beg�� � (h����f��f) h�� � ���f��f (1)where � is a real number greater than one, h�� is a Riemannian metri
 on M withinverse h�� , and f is a Morse fun
tion f : M ! [0; 1℄ su
h that f�1(0) = V0and f�1(1) = V1. A Morse fun
tion f 2 C1(M) has 
riti
al points (points atwhi
h ��f = 0) whi
h are isolated and nondegenerate, i.e. the Hessian of f is non-singular. This metri
 is Lorentzian throughout the regular set of the Morse fun
tionand vanishes at its 
riti
al points fpkg. The index �k of pk is the number of negativeeigenvalues of the Hessian of f at pk. We de�ne a Morse geometry1 as the pair(M; g), where M is a 
ompa
t 
obordism and g a Morse metri
 on it. We suggestthat these Morse geometries should in fa
t be in
luded in the SOH for quantumgravity.Motivated by surgery theory, Borde and Sorkin 
onje
tured that only thosespa
etimes whi
h 
ontain 
riti
al points of index 1 or n � 1 have 
ausal dis
on-tinuities [16, 13℄. This 
onje
ture, while on one hand of mathemati
al interest, in1In this paper, the word \geometry" does not imply quotienting by the a
tion of the di�eo-morphism group. Indeed, it is un
lear whether the appropriate notion of gauge invarian
e 
an beexpressed by the a
tion of any group. [15℄ 1



fa
t has potential importan
e in quantum gravity. It was shown by the authorsof [17, 18℄ that s
alar quantum �eld propagation on the 1 + 1 trousers is singularand hen
e it was suggested that su
h a topology will be suppressed in the SOH.Subsequently, the authors of [15℄ found that, at the level of the gravitational a
tion-integral, 
ausally dis
ontinuous topology 
hanging pro
esses in 1 + 1 dimensionsare indeed suppressed, while 
ausally 
ontinuous ones are enhan
ed. Furthermore,Sorkin 
onje
tured that singular propagation of quantum �elds on su
h ba
kgroundsis related to the 
ausal dis
ontinuity of the spa
etime.It is the purpose of this paper to investigate the �rst of the above two 
onje
-tures. Unfortunately, the existing tools of \
ausal analysis" [19, 20, 21℄ posit theexisten
e of a globally Lorentzian metri
, and thus ex
lude Morse geometries withtheir isolated degenera
ies. However, we may investigate the geometries indu
ed inthe regular set of the Morse fun
tion. Thus we de�ne a Morse spa
etime as theglobally Lorentzian spa
etime that results from ex
ising the 
riti
al points from aMorse geometry. We note that a Morse spa
etime is partially ordered by the 
ausal-ity relation, sin
e the Morse fun
tion is a global time fun
tion and pre
ludes CTCs.In the dis
ussion se
tion we suggest a way of extending the 
ausal stru
ture to thefull Morse geometry with the degenerate points left in.A general theorem would run along the following lines: a Morse spa
etime (M; g)is 
ausally 
ontinuous i� none of the ex
ised Morse points fpkg have index 1 orn� 1. We do not prove the full theorem in this paper, but examine a spe
i�
 
lassof spa
etimes de�ned on a neighbourhood of a single 
riti
al point and are able toverify the 
onje
ture in these 
ases.In se
tion 2 of this paper, we remind the reader of some standard de�nitionsand properties of the 
ausal stru
ture of Lorentzian spa
etimes, in parti
ular thede�nition of 
ausal 
ontinuity.Se
tion 3 
ontains preliminary general results on the 
ausal 
ontinuity of twoimportant 
lasses of spa
etimes. First we show that a Morse geometry with nodegenera
ies, whi
h ne
essarily has topology � � [0; 1℄ (where � is a 
losed n � 1manifold), is 
ausally 
ontinuous. This follows as a 
orollary to a general result onthe equivalen
e of various 
ausality 
onditions in the 
ase of a 
ompa
t 
obordism.Another 
onsequen
e of this general result is that imposing strong 
ausality onthe histories of the SOH in the 
ase of a 
ompa
t produ
t 
obordism is equivalentto restri
ting the sum to non-degenerate Morse metri
s. This gives us additional
on�den
e that the proposal to sum over Morse metri
s is a good one. Se
ond, thegeneral sphere 
reation/destru
tion elementary 
obordism, whi
h we refer to as the2



\yarmulke" spa
etime, is shown to be 
ausally 
ontinuous.In se
tion 4 we brie
y des
ribe the Morse neighbourhood spa
etimes (N�; g).These are simple ball-neighbourhoods of the 
riti
al points of a Morse fun
tion f ,with the 
riti
al point ex
ised, on whi
h the Morse metri
 is 
onstru
ted from fand a Riemannian metri
 whi
h is 
at and Eu
lidean in the 
oordinates in whi
h ftakes its 
anoni
al form.Se
tion 5 
ontains a detailed analysis, in two spa
etime dimensions, of the 
ausalstru
ture of these neighbourhood spa
etimes. Up to time reversal, there are in twodimensions only two types of neighbourhood spa
etime (and thus, lo
ally, only twotypes of 
ausal topology 
hange), the trousers (� = 1) and the yarmulke (� = 0; 2).The general proof in se
tion 3 shows that the two dimensional yarmulke is 
ausally
ontinuous. We verify in se
tion 5 that the trousers neighbourhood spa
etime is
ausally dis
ontinuous.Se
tion 6 
ontains our main results on the relation between 
ausal 
ontinuityand Morse index. Using appropriate null geodesi
s in Morse neighbourhood spa
e-times (N�; g), we de�ne the asso
iated spa
etimes (QÆ; g), where QÆ � N� is still aneighbourhood of the Morse point and has null side boundary. These are the spa
e-times where we study 
ausal 
ontinuity. We show that the neighbourhood spa
etime(QÆ; g) is 
ausally 
ontinuous i� its Morse point does not have index 1 or n�1. Theproof makes extensive use of the 
ausal stru
ture of the two dimensional yarmulkeand trousers from the previous se
tion.We summarise our results in se
tion 7 and 
omment on further aspe
ts of thiswork that are 
urrently under investigation.In this paper, the word \spa
etime" will be reserved for a C1 time-orientedLorentzian manifold, possibly with spa
elike boundary, and our signature 
onventionfor the metri
 will be (�+++ � � �+).2 Causal 
ontinuityCausal 
ontinuity of a spa
etime means, roughly, that the volume of the 
ausalpast and future of any point in the spa
etime in
reases or de
reases 
ontinuouslyas the point moves 
ontinuously around the spa
etime. Hawking and Sa
hs [21℄3



give six 
on
rete 
hara
terisations of 
ausal 
ontinuity, three of whi
h are equivalentin any globally Lorentzian, time-orientable spa
etime, while the equivalen
e to theremaining three further requires that the spa
etime be distinguishing. A spa
etimeis 
alled distinguishing if any two distin
t points have di�erent 
hronologi
al pastsand di�erent 
hronologi
al futures.A time orientation is de�ned in a spa
etime (M; g) by the 
hoi
e, if possible,of a nowhere vanishing timelike ve
tor �eld u. We take a timelike or null ve
tor vto be future pointing if g(v; u) < 0 and past pointing if g(v; u) > 0. We de�ne afuture dire
ted timelike 
urve in M to be a smooth fun
tion 
 : [0; 1℄ ! M whosetangent ve
tor is future pointing timelike at 
(t) for ea
h t 2 [0; 1℄. We also usethe phrase future-dire
ted timelike 
urve and the symbol 
 to denote the image,fx 2 M : x = 
(t); t 2 [0; 1℄g, of su
h a fun
tion. Stri
tly we should 
all thefun
tion a \path", say, and reserve \
urve" for the image set, but we will ignore thisdistin
tion sin
e no ambiguity arises in what follows. Future dire
ted 
ausal 
urvesare de�ned similarly, but the future dire
ted tangent ve
tor 
an be null as well astimelike and the 
urves are allowed to degenerate to a single point. Past dire
ted
urves are similarly de�ned using past pointing tangent ve
tors.We write x << y whenever there is a future dire
ted timelike 
urve 
 with
(0) = x and 
(1) = y and x < y whenever there is a future dire
ted 
ausal 
urve
 with 
(0) = x and 
(1) = y. The 
hronos relation I � M � M is de�nedby I � f(x; y) : x << yg while the 
ausal relation J � M � M is de�ned byJ � f(x; y) : x < yg. The 
hronologi
al future and past of a parti
ular point x 2Mare, I+(x) � fy : (x; y) 2 Ig and I�(x) � fy : (y; x) 2 Ig, respe
tively. The 
ausalfuture J+(x) and the 
ausal past J�(x) of a point are de�ned similarly.It 
an be shown, using lo
al properties of the light
one, that the 
hronologi
alrelation is transitive (i.e., x << y; y << z ) x << z) and that it is open as a subsetof M �M . The relation J is transitive and re
exive (i.e., x < x) [22℄. In simplespa
etimes su
h as Minkowski, J�(x) is also 
losed as a set in M , but in general itis not so. Given a subset U of the spa
etime, I+(x; U) denotes the set of points in Uthat 
an be rea
hed from x along future dire
ted timelike 
urves totally 
ontainedin U . Note that I+(x; U) � I+(x) \ U , but the 
onverse is not true in general.I�(x; U) is de�ned similarly. Hen
eforth the dual or time-reversed de�nitions andstatements are understood unless stated otherwise.We note that Morse spa
etimes are time-oriented and distinguishing. The timeorientation is given by the timelike ve
tor �eld normal to the level surfa
es of theMorse fun
tion f , u = ��f . Distinguishability is guaranteed by the fa
t that f is4



a global time fun
tion: if y had the same future set as x, then y would be in I+(x)and it would have to lie in the same level surfa
e f�1(a); but looking at a 
onvexnormal neighbourhood [19℄ of x, we see that x is the only point in I+(x) \ f�1(a).Thus, all six 
hara
terisations of 
ausal 
ontinuity given in [21℄ are equivalentfor Morse spa
etimes. Before we list four of these 
hara
terisations, we �rst give afew more de�nitions.The 
ommon past , # U (
ommon future, " U) of an open set U is the interiorof the set of all points 
onne
ted to ea
h point in U along a past (future) dire
tedtimelike 
urve, i.e., # U � Int (fx : x << u 8u 2 Ug)" U � Int (fx : x >> u 8u 2 Ug) : (2)We state two properties of past and future sets that are used later. If x is a point inthe time-oriented spa
etime M , then: (i) J�(x) � I�(x) (Proposition 3.9[19℄) (ii)I+(x) �" I�(x) and I�(x) �# I+(x) (Proposition 1.1[21℄).Let F be a fun
tion whi
h assigns to ea
h event x in M an open set F (x) �M .Then F is said to be outer 
ontinuous if for any x and any 
ompa
t set K �M � F (x), there exists a neighbourhood U of x with K �M � F (y) 8y 2 U .A time-orientable distinguishing spa
etime, (M; g) is said to be 
ausally 
ontin-uous if its interior satis�es any of the equivalent properties:1. for all events x, we have I+(x) = " I�(x) and I�(x) = # I+(x).2. the \re
e
ting" property holds, i.e., for all events x and y, I�(x) � I�(y) i�I+(y) � I+(x);3. for all events x and y, x 2 J�(y) i� y 2 J+(x);4. at all events x, I+(x) and I�(x) are outer 
ontinuous.Although the last 
hara
terisation might seem to 
apture better our intuitive un-derstanding of 
ausal 
ontinuity, it is the �rst one that we use widely in this paper.22The reason why 
ondition 4 refers only to \outer 
ontinuity" is that \inner 
ontinuity" of I�(x)is automati
 [21℄. In [21℄, a spa
etime is impli
itly assumed to be a manifold without boundary.To transfer these 
onditions as simply as possible to our 
ase, we have merely imposed them onthe interior of M , although 
ondition 3, for example 
ould immediately be extended to �M .5



For this reason, we introdu
e the following point-by-point 
riterion. A spa
etime(M; g) is 
ausally 
ontinuous at point x if I+(x) = " I�(x) and I�(x) = # I+(x).Thus (M; g) is 
ausally 
ontinuous i� it is 
ausally 
ontinuous at every interiorpoint of M .We also require the de�nitions of 
ausality, strong 
ausality, stable 
ausality,
ausal simpli
ity and global hyperboli
ity. Causality holds in a subset S of M ifthere are no 
ausal loops based at points in S. Strong 
ausality holds in a subset S ofM if for every point s 2 S any neighbourhood U of s 
ontains another neighbourhoodV of s that no 
ausal 
urve interse
ts more than on
e. A spa
etime (M; g) is saidto be stably 
ausal if there is a metri
 g0, whose light
ones are stri
tly broader thanthose of g and for whi
h the spa
etime (M; g0) is 
ausal. A spa
etime is stably
ausal if and only if it admits a global time fun
tion, i.e., a fun
tion whose gradientis everywhere timelike. A spa
etime is said to be 
ausally simple if J+(q) and J�(q)are 
losed for every point q. This is equivalent to the 
onditions J+(q) = I+(q)and J�(q) = I�(q). A spa
etime is said to be globally hyperboli
 if it 
ontainsa spa
elike hypersurfa
e whi
h every inextendible 
ausal 
urve in the spa
etimeinterse
ts exa
tly on
e. There is a standard sequen
e of impli
ations amongst these
ausality 
onditions [21℄: global hyperboli
ity of a spa
etime) 
ausal simpli
ity)
ausal 
ontinuity ) stable 
ausality ) strong 
ausality ) 
ausality.Finally, we re
all a result whi
h will be useful in our proofs: the 
ompa
tness ofthe spa
e of 
ausal 
urves [19℄. Let K be the set of all points in M where strong
ausality holds and C � K be a 
ompa
t set, then for any 
losed subsets A, B ofC the spa
e CC(A;B) of 
ausal 
urves in C from A to B is 
ompa
t (
f. [23℄, proofof Theorem 23). Stri
tly speaking, this holds only if one uses a weaker de�nition of
ausal 
urve than the one we are using sin
e the limit 
urve 
 to whi
h a sequen
eof smooth 
ausal 
urves 
onverges is not in general smooth. The existen
e of thelimit 
urve nevertheless ensures the existen
e of some smooth 
ausal 
urve betweenthe endpoints of the limit 
urve, and this subtlety is ignorable for our purposes.3 Causal 
ontinuity of non-degenerate and yar-mulke spa
etimesBy \non-degenerate Morse spa
etime" we mean a 
ompa
t Morse spa
etime (M; g),i.e. a Morse geometry with no degenera
ies. A yarmulke spa
etime is one arisingfrom a Morse geometry in an n-dimensional elementary 
obordism of index � =6



0 (n), whose initial (�nal) boundary is empty and �nal (initial) boundary is Sn�1.In this se
tion all spa
etimes are assumed to be time-orientable and distinguish-ing, with boundary �M = V0`V1, where V0 and V1 are 
losed n � 1 manifolds(possibly empty) and are respe
tively the initial and �nal spa
elike boundaries ofM .Proposition 1 For a 
ompa
t spa
etime (M; g), the following properties are equiv-alent:1. It is globally hyperboli
.2. It is 
ausally simple.3. It is 
ausally 
ontinuous.4. It is stably 
ausal.5. It is strongly 
ausal.Proof: Sin
e ea
h item implies the next, we only need to prove that the last itemimplies the �rst.So suppose that strong 
ausality holds on (M; g). For any spa
etime, J+(q) �I+(q). Let p 2 I+(q), and 
onsider a sequen
e of points pk 2 I+(q) whi
h 
onvergesto p. There must be a sequen
e of future-dire
ted timelike 
urves, 
k from q to pk.Sin
e (M; g) is strongly 
ausal, the 
ompa
tness of the spa
e of 
ausal 
urves, withC = M , A = fqg, B = fpk : k = 1; 2; : : :g [ fpg, implies that there is a 
ausallimit 
urve 
 from q to p. Thus, p 2 J+(q), or I+(q) � J+(q) whi
h implies thatJ+(q) = I+(q). J�(q) = I�(q) is proved similarly. So (M; g) is 
ausally simple.(M; g) is therefore stably 
ausal and thus admits a global time fun
tion, f . LetS be any f = 
onstant surfa
e. Let p lie on some later time surfa
e, and supposethat a past inextendible 
ausal 
urve from p, say �, does not interse
t S. Then �is trapped in the region of M between the two 
onstant-time surfa
es mentionedabove. Sin
e this region is 
ompa
t [24℄ � must a

umulate at some point q andtherefore it interse
ts the 
onstant-time surfa
e through q more than on
e. This isnot possible. 2 7



Proposition 1 as stated does not ask that V0 and V1 be non-empty or havethe same topology but the known 
ausality violations in a spa
etime where theseproperties fail makes the result relevant only to spa
etimes whi
h satisfy them. Thisproposition provides us with a proof of the 
ausal 
ontinuity of non-degenerate Morsespa
etimes (M; g), sin
e they are 
ompa
t and possess a global time fun
tion:Corollary 1 A non-degenerate Morse spa
etime (M; g) is 
ausally 
ontinuous.Proposition 2 Let (M; g) be a 
ompa
t spa
etime. Then M is a non-degenerateMorse spa
etime if and only if it is strongly 
ausal.Proof: The Morse fun
tion of a non-degenerate Morse spa
etime is a global timefun
tion and so it is stably 
ausal and hen
e strongly 
ausal.Suppose (M; g) is strongly 
ausal. Then it is stably 
ausal as above and has aglobal time fun
tion f . Let b2 = �g����f��f . De�ne the positive de�nite metri
 hby h�� � g�� + (1 + 1=b2)��f��f: (3)That h is positive de�nite may be 
he
ked by using the basis fT �; S�i g, where T � =g����f is timelike with respe
t to g and the S�i are 
hosen to be spa
elike andorthogonal to ea
h other and to T � (with respe
t to g). Then fT �; S�i g forms anorthogonal basis with respe
t to h, and all the ve
tors have positive norm. Sin
eh����f��f = 1 (where h�� := g�� + (b�2 + b�4)g��g����f��f is the inverse of h��),we see that we may invert the above expression and express g as a Morse metri
 ofthe form (1) with � = 1 + 1=b2.It is possible to 
hoose f su
h that f�1(0) = V0 and f�1(1) = V1. The fun
tionf̂(p) � V olume(I�(p)) is a time fun
tion on (M; g). Let T � � g���� f̂ . For anypoint p 2M , let qp 2 V1 be the future endpoint of the integral 
urve of T � through p.De�ne v(p) � V olume(I�(qp)). Then f(p) � (1=v(p))f̂(p) is a time fun
tion on Mwith f�1(0) = V0 and f�1(1) = V1. 2Proposition 2 shows that the restri
tion to Morse metri
s in a Lorentzian 
om-pa
t spa
etime with initial and �nal spa
elike boundaries is a reasonable one, sin
ethat restri
tion is equivalent to strong 
ausality. Observe that, without any 
om-pa
tness assumption, the proof also shows that a non-degenerate metri
 is Morse i�8



it possesses a time fun
tion, hen
e i� it is stably 
ausal. It would be useful to havea similar 
hara
terisation of Morse metri
s in the degenerate 
ase as well.We now prove 
ausal 
ontinuity for yarmulke spa
etimes in n dimensions. TheMorse fun
tion has a single 
riti
al point p. Suppose that f : M ! [0; 1℄ is theMorse fun
tion and that the boundary of M is a �nal boundary. Then we musthave f(p) = 0. Ex
ising p from our manifold, the asso
iated Morse spa
etime hastopology Sn�1 � (0; 1℄.Lemma 1 The yarmulke spa
etime (M; g), with topology Sn�1 � (0; 1℄, is 
ausally
ontinuous.Proof: Using arguments similar to those in the proof of proposition 2, we seethat sin
e the spa
etime is stably 
ausal, and therefore strongly 
ausal, the surfa
esof 
onstant f are Cau
hy surfa
es. (The full spa
etime is not 
ompa
t here, butthe region between any two level surfa
es of f is.) Thus the spa
etime is globallyhyperboli
 and hen
e 
ausally 
ontinuous. 24 The neighbourhood of a Morse pointIn this se
tion we introdu
e the Morse metri
s whi
h we study in the remainder ofthe paper. They are de�ned in a small neighbourhood of a Morse point, where theMorse fun
tion takes a simple form. Consider an open ball D� of radius � in lo
al
oordinates 
entred on the point p. Let fxi; yj : i = 1; : : : �; j = 1; : : : n � �g bethese lo
al 
oordinates with xi(p) = yj(p) = 0, Pi(xi)2+Pj(yj)2 < �2 and in whi
hthe Morse fun
tion f takes the following 
anoni
al form (Morse lemma [24℄):f = f(p)�Xi (xi)2 +Xj (yj)2 : (4)The spa
etime manifold we are 
on
erned with is N� � D� � fpg. Hen
eforth we
onsider all set 
losures, et
., to be taken in the manifold N� ex
ept when expli
itlystated otherwise. We frequently refer to p as though it were in the spa
etime: forexample we refer to sets of 
urves that are \bounded away from p", the meaning ofwhi
h should be 
lear.We de�ne the polar 
oordinates, (�;�; r;�), where �2 = P�1 x2i , r2 = Pn��1 y2j ,and the 
olle
tive 
oordinates � and � stand for the angles �i, i = 1 � � ���1 and �j,9



j = 1 � � �n���1 that parameterise the (�� 1)-sphere and the (n� �� 1)-sphere,respe
tively. When � = 1 the sphere S0 is dis
onne
ted and our 
onvention for su
h
ases is to adopt a single dis
rete \
oordinate" �0 with two possible values: 0 and�. Then the transformation between x1 and (�; �0) is x1 = � 
os �0. Similarly, when� = n�1, the dis
onne
ted sphere will be parameterised by the single dis
rete angle�0 and y1 = r 
os �0. We will often use the notation whereby the 
oordinates of apoint q are referred to as (xiq; yjq) or (�q;�q; rq;�q) ex
ept that the dis
rete anglesare written �0(q) or �0(q) to avoid double subs
ripts.The parti
ular Morse metri
s that we will be studying are those for whi
h theauxiliary Riemannian metri
 h is the 
at Cartesian metri
 in the 
oordinates fxi; yjgintrodu
ed above. In that 
ase we �nd, transforming to polar 
oordinates, that themetri
 (1) be
omesds2 = 4f(�2 + r2)(�2d�2��1 + r2d�2n���1) + (r2 � (� � 1)�2)d�2+(�2 � (� � 1)r2)dr2 + 2��rd�drg: (5)In these 
oordinates ds2 is seen to be a warped produ
t metri
3 sin
e it de
omposesinto a radial and angular part, i.e., ds2 = ds2A + ds2R, with the radial 
oordinates(r; �) warping the angular part. An important property of su
h a warped produ
tform, is that the geodesi
s of the metri
 ds2R are also geodesi
s of the full metri
. Wenote also, that ds2A is never negative, so that for any timelike (
ausal) 
urve 
(t) =(�(t);�(t); r(t);�(t)), the related 
urve 
0(t) = (�(t);�a; r(t);�b) at any �xed angles�a and �b, is also timelike (
ausal). The Morse fun
tion f(r; �) = f(p) � �2 + r2must in
rease along future dire
ted timelike 
urves so that the future time dire
tionis, roughly speaking, de
reasing � and in
reasing r.We 
all (N�; g), where g is given by (5), a Morse neighbourhood spa
etime oftype (�; n� �).5 Causal stru
ture for n = 2We study in detail the two elementary neighbourhood spa
etimes in n = 2, namelythe trousers (� = 1) and the yarmulke (� = 0 or � = 2), see �gure 1. (Of 
ourse� = 2 is just the time-reverse of � = 0.) Both these spa
etimes happen to be3A metri
 g(xa; yA) is a warped produ
t metri
 if its line-element takes the form ds2 =gab(~x; ~y)dxadxb + gAB(~y)dyAdyB . 10




at, but we do not use this feature expli
itly in our analysis (it does not extend tohigher dimensions). The 
ausal stru
ture of these two 
ases turns out to be 
ru
ialin studying the general n-dimensional neighbourhood spa
etimes. A study of the
ausal stru
ture of the 1 + 1 trousers for a parti
ular 
hoi
e of 
at metri
 was �rst
arried out by [25℄.
a) b)Figure 1: Global topology of the trousers and yarmulke 
obordisms. In the trousers N�is to be regarded as a little region around the saddle point, while in the yarmulke N� hasthe same topology as the whole 
obordism, whi
h (with p restored) is just a dis
.

5.1 Causal stru
ture in the trousersThe neighbourhood Morse metri
 for the trousers isds2 = 4f(y2 � (� � 1)x2)dx2 + (x2 � (� � 1)y2)dy2 + 2�xydxdyg: (6)Any radial line with endpoint at the origin is a geodesi
 so the norm of its tangentve
tor has the same sign all along. Thus the dis
 
an be partitioned into se
torsthat are loosely speaking, either future time-like, past time-like or spa
e-like relatedto the origin (see �gure 2). Indeed, by substituting y = mx one obtains:ds2 = �4((��1)m4�2(�+1)m2+(��1))x2dx2 8><>: > 0 if (m1)2 < m2 < (m2)2� 0 otherwise (7)where the gradients m1 = p��1p��1 < 1 andm2 = p�+1p��1 = m�11 > 1 mark the transitionbetween the spa
elike and timelike 
hara
ter of the radii, with the lines y = �m1xand y = �m2x being null and separating the se
tors.11



We de�ne sets P1;P2;F1 and F2; viaP1 � f(x; y) 2 N� : jyj < m1jxj and x > 0gP2 � f(x; y) 2 N� : jyj < m1jxj and x < 0gF1 � f(x; y) 2 N� : jyj > m2jxj and y > 0gF2 � f(x; y) 2 N� : jyj > m2jxj and y < 0g (8)(9)Also P � P1 [ P2, and F � F1 [ F2. We de�ne �P and �F :�P � f(x; y) 2 N� : y = m1x or y = �m1xg�F � f(x; y) 2 N� : y = m2x or y = �m2xg (10)and S � N� � (P [ F [ �P [ �F). We see that F is what we'd expe
t for the
hronologi
al future of the Morse point, p, �F is what we might want to 
all thefuture light
one of p and similarly for the past; S is the \elsewhere" of p. The statusof these sets is dis
ussed further in a later subse
tion.To summarise, through all the points in the shaded regions of �gure 2 there passesa radial timelike geodesi
; S denotes the points outside the shaded regions throughwhi
h the radial geodesi
s are spa
elike, while the boundary radial geodesi
s, withgradient �m1 and �m2 are null.
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Figure 2: The trousers. Partition of the dis
 by radial geodesi
s. The timelike geodesi
sare in the shaded regions, future outward about the y-axis and future inward about thex-axis. The radial geodesi
s outside the shaded regions are spa
elike.12



We return to the general null geodesi
s whi
h give us the light
ones for an ar-bitrary point. This is a generalisation to arbitrary � of the analysis of [13℄. Fromequation (6) one obtains impli
it equations for the null 
urves:q� � 1(x2 � y2) = 2xy + 
+ (11)or q� � 1(x2 � y2) = �2xy + 
� ; (12)where 
� are 
onstants. To get a 
learer idea of what these 
urves are, 
onsidera rotated 
oordinate system (x0; y0) with the x0 axis being the line y = m1x at anangle of � = tan�1m1 with the x axis: x0y0 ! =  
os� sin�� sin� 
os� ! xy ! (13)Then (11) takes the form x0y0 = �
+2p� (14)whi
h shows that they are hyperbolae with y = m1x and y = �m2x as asymptotes.Rotating to 
oordinates (x00; y00) by �� instead, (12) be
omesx00y00 = 
�2p� (15)so these are hyperbolae with y = �m1x and y = m2x as asymptotes.Through every point q in N� there passes a 
urve whi
h satis�es eq. (14) witha parti
ular 
+, we 
all it �+q and another 
urve whi
h satis�es eq. (15), we 
allthis ��q . As we see shortly, these null geodesi
s through q suÆ
e to bound its pastand future provided q lies in S, but not otherwise. To determine systemati
ally the
hronologi
al pasts and futures of all points in the dis
, we start by noting that inthe rotated 
oordinate systems, ~x~y ! =  
os sin � sin 
os ! xy ! (16)the hyperbolae given by ~x~y =
onstant are timelike if and only if �� <  < �or �2 � � <  < �2 + �, that is when the ~x and ~y axis fall in the interior of theshaded regions in �gure 2. We will use segments of su
h timelike hyperbolae todetermine the 
hronologi
al relation. By symmetry and time-reversal invarian
e,we need 
onsider only three representative points in the upper right quadrant: (i)q 2 S, (ii) q 2 F1 and (iii) q 2 �F1. 13



(i) For q 2 S, we 
laim that I+(q) is the interior of the horizontally shaded regionin �gure 3, bounded by the two null hyperbolae through q, �+q and ��q and that I�(q)is the interior of the verti
ally shaded region between the same hyperbolae. Thoseregions are 
ontained in I+(q) and I�(q), be
ause they are swept out by the timelikehyperbolae through q between �+q and ��q . To see that su
h regions exhaust all ofI+(q) and I�(q) is also straightforward. Any future dire
ted timelike 
urve from qmust begin by heading into the horizontally shaded region. If there was one su
h
urve ending at a point s outside the region, it would have to interse
t one of thebounding hyperbolae at some point q0, but the tangent ve
tor there 
ould not pointout of the region and be both timelike and future dire
ted a

ording to the lo
allight
one at q0. Similarly for I�(q).
q

Figure 3: The trousers. q 2 S and I+(q) (I�(q)) is the horizontally (verti
ally) shadedregion.(ii) For q 2 F1, I+(q) is the interior of the horizontally shaded region shown in�gure 4 bounded by the two null hyperbolae through q, by the same arguments asin 
ase (i), and we 
laim that I�(q) is the interior of the verti
ally shaded regionbounded by the hyperbolae and by lines y = m1x and y = �m1x with y < 0.To show that this region is indeed 
ontained in I�(q) we �nd sequen
es of timelikehyperbola segments from all points in the region to q. Let us �rst divide the regionin two zones. If yq = mqxq, let zone 1 
onsist of points with y > � 1mq x and zone 2of points with y � � 1mq x (see �gure 5). 14



q

Figure 4: The trousers. q 2 F and I+(q) (I�(q)) is the horizontally (verti
ally) shadedregion.A point s in zone 1 
an be joined to q by a single ar
 of timelike hyperbola whoseasymptotes are the ~x and ~y axes de�ned by (16) with � 1mq < tan < m1, ex
eptwhen ys = mqxs in whi
h 
ase the timelike 
urve to q is y = mqx.For a point t in zone 2 two hyperboli
 ar
s are needed: the �rst one is partof the hyperbola with asymptotes given by (16), with �m1 < tan < mt wheremt = yt=xt, and 
onne
ts t to a point s0 in zone 1. Then s0 
an be 
onne
ted to qas before.The argument that these regions 
omprise all of I�(q) is as in (i).(iii) For q 2 �F1, similar arguments show that I+(q) is the interior of the hor-izontally shaded region bounded by the null hyperbola x0y0 = x0qy0q and the nullline y = m2x. I�(q) is the interior of the verti
ally shaded region bounded by thehyperbola, y = m2x and y = �m1x for x > 0 (see �gure 6). Note that I�(q) doesnot 
ontain any point with x < 0. 15
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Figure 5: The line y = �x=mq separates the past of q into zone 1, where y > �x=mq,and zone 2, where y � �x=mq. A point s 2 I�(q) in zone 1 
an be joined to q with asingle ar
 of timelike hyperbola. For a point t 2 I�(q) in zone 2 we need two su
h ar
s torea
h q.Using J�(q) � I�(q) the 
ausal pasts and futures of these representative pointsare easy to �nd. Sin
e all the points in a null geodesi
 through q are in its 
ausalpast or future, we just need to de
ide whether the additional straight lines boundingthe I� of points type (ii) and (iii) are in J�. For de�niteness, 
onsider q 2 F1 anda point s on y = �m1x, y < 0. Now q is not in I+(s), so it doesn't belong to J+(s)either: there is no 
ausal 
urve from s to q. It follows that the lines that bound I�(q)in the lower hemiplane are not in J�(q). Neither is the line y = �m1x 
ontainedin J�(q) when q 2 �F1. Summarising, for points q 2 S we have J�(q) = I�(q),otherwise the 
ausal sets J�(q) are not 
losed.This 
ompletes our analysis of the 
ausal stru
ture around the 
rot
h singularityin the 1 + 1 trousers, whi
h we use extensively later. For the moment it allows usto establish the following.Lemma 2 The neighbourhood spa
etime (N�; g) of type (1; 1) is 
ausally dis
ontin-uous. 16



q

Figure 6: The trousers. q 2 �F and I+(q) (I�(q)) is the horizontally (verti
ally) shadedregion.Proof: Let q 2 �F1 with xq > 0, then # I+(q) 6= I�(q) sin
e any s on the negativex-axis satis�es s 2# I+(q) but s =2 I�(q):2In �gure 7 we illustrate the failure of 
ausal 
ontinuity in ea
h of the remainingthree equivalent de�nitions given in se
tion 2, in the hope to give the reader anintuition for their meaning.5.2 Causal stru
ture in the yarmulkeWe now undertake a similar analysis for the neighbourhood spa
etime (0; 2). TheMorse metri
 on the pun
tured dis
 isds2 = 4(�(� � 1)r2dr2 + r4d�2) : (17)17



q

     C

q
q’

s

q

     C

q
q’

s

Figure 7: On the left, the futures and pasts of a pair of points, (s; q) are shown. This pairviolates the re
e
ting property, sin
e I+(q) � I+(s) but I�(s) 6� I�(q). Also q 2 J+(s)but s =2 J�(q). On the right the 
ompa
t set C �M � I�(q) interse
ts I�(q0) for a pointq0 2 F1 whi
h 
an be taken arbitrarily 
lose to q.Be
ause of the U(1) symmetry of this metri
, there is only one 
lass of points. Sin
ef(r) = r2 is the time fun
tion, timelike and null tangent ve
tors are past pointing iftheir radial 
omponent is inwards and future pointing if it is outwards. As before, intwo dimensions the geodesi
 equation is not really needed to �nd the null geodesi
sthrough a point; solving for a tangent ve
tor with vanishing norm suÆ
es. Thesolutions are the null spiraling 
urves ��0 given by,r(�) = r0e ��p��1 (18)Again these spirals 
an be shown to be 
onsistent with the geodesi
 equations. Forspa
etimes with � ! 1, the light
ones are squeezed onto the radial dire
tion, whilefor � !1, the light
ones widen to be
ome 
ir
les.The future dire
tion along the spirals �+q and ��q through a point q 
orrespondsto an in
rease in the radial 
oordinate, whi
h, along �+q is a
hieved by in
reasing �and along ��q by de
reasing �. The radial straight lines � = 
onstant also satisfythe geodesi
 equations. These geodesi
s are timelike, sin
e d� = 0 along them.Forgetting for the moment that we are 
on�ned to a dis
 of �nite radius, thetwo spirals through a point q 
onverge again at both an earlier q0 and at a later q00,beyond whi
h these null geodesi
s no longer bound the past or future of q (see �gure8). Let Lq be the interior of the little heart-shaped region bounded by the two pastdire
ted null spirals from q to q0 and Bq the big heart-shaped region bounded bythe future dire
ted null spirals from q to q00. Then we 
laim (i) I�(q) = Lq and (ii)I+(q) = N� �Bq. 18



By the symmetry of this metri
, all points are equivalent so that our task redu
esto 
onsidering the representative point q = (rq; 0). We only give the argument for (i)sin
e (ii) is similar4. Let s = (rs; �s) 2 Lq. By the symmetry of Lq, we 
an assumewithout loss of generality that 0 � �s � �. Thus, rs < rqe��sZ , where Z = p� � 1.In parti
ular for points s su
h that �s = 0, the radius � = 0 is a timelike 
urve froms to q and therefore they belong to I�(q). If �s 6= 0, 
onsider the 
urve 
 from s toq given by r(�) = u(�)e��Z (19)where the fun
tion u(�), u(�) = rq�s � ��s + rse�sZ ��s (20)de
reases smoothly from rq to rse�sZ . Thendrd� = � rq � ��s (rq � rse�sZ )! e��ZZ � 1�s (rq � rse�sZ )e��Z= � rZ � rq � rse�sZ�s e��Z (21)so that, along 
,g( _
; _
) = 4r2(�Z2 _r2 + r2 _�2) = 4r2 _�2Z2  �( drd�)2 + r2Z2! (22)Sin
e rq � rse�sZ > 0 we have ��� drd� ��� > jrjZ , so that the tangent to 
 is everywheretimelike. We 
an 
hoose the dire
tion of parameterisation so that 
 is future dire
ted.Thus all points in Lq belong to I�(q). Moreover, no point outside Lq belongs toI�(q), sin
e the 
urve would have to 
ross the small heart boundary at some point s;but a

ording to the lo
al light
one at s any ve
tor in its tangent spa
e Ts pointinginto Lq is either spa
elike or past dire
ted.The 
ausal past and future of q in this 
ase are simply the 
losure of their 
hrono-logi
al analogues sin
e the bounding 
urves (the light
ones) are always geodesi
sthrough q.That the above spa
etime is 
ausally 
ontinuous follows from the general result(lemma 1) about 
ausal 
ontinuity of yarmulke spa
etimes. But the reader 
an verify4When the future dire
ted null-spirals through a point q don't meet again within N�, the largeheart Bq is not de�ned in N�. However, it is de�ned in some larger neighbourhood (N�0 ; g) with thesame metri
. Clearly, what our arguments would show in this 
ase is that I+(q) = N� �Bq \N�.19
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Figure 8: The yarmulke. Segments of the null geodesi
s through q = (a; 0) that boundq's past and future. Their �rst interse
tion in the past o

urs at the point q0 = (ae��; �)and their �rst interse
tion in the future o

urs at q00 = (ae+�; �).it graphi
ally by �nding the interse
tions of the past of all points to the future of qand vi
e-versa.5.3 Pasts and futures for the Morse pointViolation of 
ausal 
ontinuity in the trousers o

urs along the null geodesi
s thathave the origin as a limit point. Looking ba
k at �gure 2, one is in
lined to regardthese lines as the null 
one of the 
riti
al point p, with F 
onstituting its 
hrono-logi
al future and P its 
hronologi
al past. To make su
h a statement meaningful,we would have to restore p to our spa
etime and extend the 
ausal relation to thefull Morse geometry. Although there is indeed a natural s
heme for doing this [26℄,we don't need it for present purposes, sin
e here we study the spa
etimes withoutthe 
riti
al points. If we nevertheless give a de�nite meaning to the past and futureof p in this subse
tion, it is only for the 
onvenien
e of being able to refer to F , Pand their higher dimensional generalisations in a simple way.So let us temporarily 
onsider the Morse points to be present and extend our20



de�nition of 
ausal 
urve to embra
e any pie
ewise smooth 
urve whose tangentve
tor va obeys gabvavb � 0. With this de�nition, a 
urve emanating from, orterminating at a Morse point p 
an be 
ausal (sin
e gabvavb � 0 automati
allyvanishes there), even though there is no way to tell from gab(p) alone whether va istimelike or spa
elike there. For the Morse point p we 
an then 
onveniently de�neI+(p) to be the interior of J+(p).Let us apply these de�nitions to the (1 + 1) dimensional examples from theprevious se
tions. In the trousers it is easy to see that I+(p) = F and I�(p) = P.For example, let us �nd I+(p). The straight lines joining p to points in F [ �F arefuture-dire
ted and 
ausal in the sense just des
ribed, so that F � I+(p). To showthe 
onverse, we must 
he
k that J+(p)\ (P [S) = ;. Now a future-dire
ted 
ausal
urve in D� from p to a point q 2 N� is equivalent, as far as the spa
etime (N�; g) is
on
erned, to a past-dire
ted 
ausal 
urve starting at q whi
h runs o� to p, rea
hingpoints arbitrarily 
lose to it. It follows that no 
ausal 
urve starting at p 
an end ata point q 2 P [ S, sin
e the 
ausal past of any su
h q is bounded away from p. Inthe 1+1 yarmulke, on the other hand (with � = 0), every radial geodesi
 startingat p is 
ausal, when
e I+(p) is the entire pun
tured disk, while I�(p) is empty.In the 
ausally dis
ontinuous (1 + 1) trousers, both P and F 
onsist of twodis
onne
ted 
omponents. Moreover F \separates" P, in the sense that any 
urvejoining the two dis
onne
ted 
omponents of P ne
essarily traverses F . Similarly Pseparates F . The dis
ontinuity of I�(�) is manifest in that the past of any point on�F interse
ts only one of the two 
omponents of P, while any point in F 
ontainsthe whole of P in its past. Dual statements 
an be made regarding the dis
ontinuityof I+(�). In the 
ausally 
ontinuous (1 + 1) yarmulke and its time reverse, both Fand P are trivially 
onne
ted. In neither 
ase is the topology of the \light 
one"that seen in the neighbourhood of a non-degenerate point of spa
etime.All this seems to indi
ate that the sour
e of 
ausal dis
ontinuity for the neigh-bourhood geometries resides in the topology of the pasts and the futures of theMorse point p, while the dis
ontinuity itself, when present, o

urs on their bound-aries, �J�(p) | the \light 
ones of p". In the next se
tion, we base our investigationof the higher dimensional 
ases on these intuitions.Finally we remark that the 
hronology of the 
riti
al point 
an also be des
ribedin the language of TIPs and TIFs, as formulated in [27, 20℄. A TIP or \terminalinde
omposable past set" is de�ned as the past I�(
) of a future-inextendible time-like 
urve 
 (that is a 
urve 
 whi
h has no future limit point in the spa
etime).The TIP I�(
) 
an be represented by an imaginary point whi
h serves as future21



endpoint of 
, and of any other inextendible timelike 
urve with the same past as
. A TIF is the dual 
on
ept. A pro
edure 
an then be introdu
ed for identify-ing those imaginary future and past endpoints {TIPs and TIFs{ whose asso
iated
urves approa
h, in an appropriate sense, the same ideal point.In the pun
tured trousers it is straightforward to show that there are two distin
tTIPs asso
iated with p, P1 and P2, 
orresponding to ea
h of the future-inextendibletimelike 
urves !1(t) = (x(t); y(t)) = ( �2e�t; 0) and !2(t) = (� �2e�t; 0), t 2 [0;1).Similarly, there are two distin
t TIFs, F1 and F2, generated by the past inextendibletimelike 
urves 
1(t) = (0; �2et) and 
2(t) = (0;� �2et), t 2 (�1; 0℄. Thus ea
h
onne
ted 
omponent of I+(p) is a single TIP and dually for I�(p). In the 1+1yarmulke, on the other hand, no TIP belongs to the Morse point, while the entirepun
tured disk is its single TIF (generated, for example, by any radial geodesi
).So in our neighbourhood spa
etimes I�(p) 
an also be de�ned as the union of TIPsasso
iated with p (namely the set of points q 2 N� through whi
h there passes afuture-inextendible timelike 
urve running o� to p). And dually for I+(p).6 Causal 
ontinuity in higher dimensional neigh-bourhood spa
etimesWe now examine the 
ausal 
ontinuity of neighbourhood spa
etimes with arbitrary� for n � 3. For the yarmulke neighbourhoods lemma 1 shows that they are 
ausally
ontinuous without further work. Thus in this se
tion we assume that � 6= 0; n. The
ausal stru
ture in these 
ases 
an be analysed by identifying higher dimensionalanalogues of the sets P and F dis
ussed in se
tion 5 and appropriately utilising the
ausal stru
tures of the 2-dimensional spa
etimes studied there.6.1 Pasts and futures of the Morse pointGuided by the form of F and P in the trousers, it is easy to guess what are theiranalogues in the higher dimensional neighbourhood geometries. In fa
t, ea
h radialline is either spa
elike, timelike, or null, and we may de�ne F as the union ofthe future-dire
ted timelike radial lines and P as the union of the past-dire
tedones. That F is then truly I+(p), p being the Morse point, should be 
lear fromthe following dis
ussion. We 
an 
hara
terise P and F in terms of the spheri
al22




oordinates used in equation (5). The angular 
oordinates (in
luding the dis
reteangle if � = 1 or n� 1) are understood to vary over all their possible values.P � fq 2 N� : rq < m1�qgF � fq 2 N� : rq > m2�qg (23)where �q is the � 
oordinate of q, et
., and m1 and m2 are as in (7). We refer toR2 = �2 + r2 as the squared distan
e from the origin.If � is neither 1 nor n � 1, P and F are 
onne
ted sets. However when � = 1P 
omprises two disjoint 
omponents: P1, whi
h has �0 = 0 and P2, with �0 = �.Moreover F , whi
h is 
onne
ted (n � 3), then separates P in the sense that any
urve between P1 and P2 ne
essarily interse
ts the r = 0 hyperplane, whi
h is
ontained in F . When � = n � 1, in the time-reversed geometry, P separatesF = F1`F2 similarly.Let us de�ne the quadrant �q to be the set of points with the same angular
oordinates as q. (�q is unde�ned when either �q or rq vanishes.) The warpedprodu
t form of (5) with respe
t to the pair (�; r), ensures that the geodesi
s in thisquadrant are geodesi
s of the full metri
.We introdu
e an operator Pq whi
h proje
ts the points of our manifold into thequadrant �q, su
h that for x 2 N� with x = (�x;�x; rx;�x), Pqx = (�x;�q; rx;�q).Similarly, if 
(t) is a 
urve with 
oordinates 
(t) = (�(t);�(t); r(t);�(t)), thenPq
(t) = (�(t);�q; r(t);�q). A timelike 
urve 
 proje
ts to a timelike 
urve Pq
in the quadrant and a 
ausal 
urve proje
ts to a 
ausal 
urve. It follows thatI�(q; �q) = I�(q)\�q and moreover that for any point y in I�(q) its proje
tion Pqyto �q must lie in I�(q; �q). Hen
e, the 
ausal stru
ture in �q is that of the upperright quadrant of the trousers and this is illustrated in �gures 9{11 in whi
h we givethe 
hronologi
al pasts and futures of three representative points.We again de�ne the sets�P � fx 2 N� : rx = m1�xg�F � fx 2 N� : rx = m2�xgS � N� � (P [ F [ �P [ �F) (24)and let Pq be the interse
tion P \ �q. Similarly, de�ne �Pq � �P \ �q, et
.It is now 
lear why P and F are respe
tively I�(p) and I+(p) as de�ned in theprevious se
tion. Take for example F . From the timelike 
hara
ter of the null radii23
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Figure 9: �q. q 2 S and I+(q; �q) (I�(q; �q)) is the horizontally (verti
ally) shadedregion.through points in F , we immediately 
on
lude F � I+(p). To show the 
onverse,namely that J+(q) \ (P [ S) = ;, it suÆ
es to note that for any point q 2 P [ S,the set J�(q) is bounded away from the origin. This is be
ause any 
ausal 
urvethrough q proje
ts to a 
ausal 
urve in the quadrant �q, where the radial distan
eR along 
 is seen to be bounded below.Claim 1 (i) If q 2 F , then P � I�(q). (ii) If q 2 �F , then I+(q) � F . (iii)If q 2 �F , then (a) � 6= 1 implies P � I�(q), while (b) � = 1 implies eitherI�(q) \ P2 = ; or I�(q) \ P1 = ;.Proof: (i) We are to show that z � q for every z 2 P and q 2 F . Using thenotation introdu
ed in se
tion 4, we 
an write q = (xiq; yjq) = (�q;�q; rq;�q) andsimilarly z = (xiz; yjz). Then for suÆ
iently small � we havez = (xiz; yjz)� (�xiz; 0)� (0; �yjq)� (xiq; yjq) = qfrom whi
h z � q results by transitivity. Here, the �rst � follows from the fa
tthat both z and (�xiz; 0) lie in the 2-d quadrant �z, whi
h has the 
ausal stru
tureof the 1 + 1 trousers, as represented by �gures 9-11 (unless yiz = 0, in whi
h 
ase� is trivial); and the last� follows analogously. Finally, (�xiz; 0)� (0; �yjq) follows24
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Figure 10: �q. q 2 �F . I+(q; �q) (I�(q; �q)) is the horizontally (verti
ally) shadedregion.from the 
ausal stru
ture of the 2-d quadrant � spanned by these two ve
tors (i.e.the quadrant with � = �z and � = �q), see �gures 4 and 11.(ii) Let q 2 �F and z 2 I+(q). Consider the proje
tion Pqz into �q whi
hmust lie in I+(q; �q). This gives us rz > m2�z and so z 2 F . (We didn't a
tuallyneed to prove this point expli
itly, sin
e F is easily seen to be a future set, namelyF = I+(F), and for any future set A we have I+(�A) � A [19℄.)(iii) Let q 2 �F .(a) � 6= 1. Let z 2 P. Then for suÆ
iently small � and Æ, we havez = (xiz; yjz)� (�xiz; 0)� (�Æ xiq; 0)� (xiq; yjq) = qwhere this time, the �nal � follows from the 
ausal stru
ture of �q (see �gures 6and 10), and the middle� follows from that of the plane � spanned by (xiz; 0) and(xiq; 0), whi
h has the yarmulke 
ausal stru
ture (see �gure 8). In this last step,we have assumed that xiz and xiq are linearly independent. If this is not the 
ase(the only real danger being that they are anti-parallel), then we 
an take � to bespanned by (xiq; 0) and (xiw; 0) for any xiw independent of xiq. (Su
h an xiq existsbe
ause � � 2.) 25
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ally) shadedregion.(b) � = 1. Suppose, without loss of generality, that �0(q) = 0 and let z 2 I�(q). If�0(z) = � then there exists a future dire
ted timelike 
urve from z to q whi
h passesthrough � = 0. Considering the proje
tion of this 
urve into �q shows this to be a
ontradi
tion. So �0(z) = 0 and I�(q) \ P2 = ;. 2Finally, we remark that the relation of P and F to TIPs and TIFs is topologi
allyjust as in the 2-dimensional 
ase: ea
h 
onne
ted 
omponent of P [resp. F ℄ is asingle TIP [resp. TIF℄ asso
iated with the absent point p in the neighbourhoodspa
etime N�.6.2 Causal 
ontinuity in neighbourhood spa
etimes of gen-eral index and dimensionHere we �nally establish the 
onje
tured relation between Morse index and 
ausal
ontinuity [16℄ for neighbourhood spa
etimes around Morse points of arbitrary index.Instead of working dire
tly in the Morse neighbourhood N�, we de�ne a subsetQÆ � N� whi
h is still homeomorphi
 to a pun
tured ball around p, but whi
h hasnull side boundaries. Remember that ultimately we would like to establish that a26



Morse geometry (an entire 
ompa
t 
obordism) is 
ausally 
ontinuous if and only ifit 
ontains no index 1 or n � 1 points. Here we solve the analogue problem in anisolated pun
tured neighbourhood of a single Morse point. That 
ausal 
ontinuityfails in (N�; g) when � is 1 or n � 1 is already apparent from 
laim 1. In fa
t thisis true for the indu
ed spa
etime in any neighbourhood U � N� surrounding p,irrespe
tive of the shape of U .To show 
ausal 
ontinuity for the remaining values of � we have to be more
areful. Indeed, by treating the neighbourhood as a separate spa
etime we areintrodu
ing an arti�
ial boundary, and with it a new potential sour
e of 
ausaldis
ontinuity, absent in the Morse spa
etime where the neighbourhood is a
tuallyembedded. It is to avoid this kind of artifa
t that we 
onsider QÆ instead of N�.The boundary �QÆ is manifestly harmless to 
ausal 
ontinuity, as will be 
lear inthe proof of 
laim 3 below5.Our 
onstru
tion of QÆ is inspired by the notion of \proje
tion to the quadrant"introdu
ed in the last se
tion. Let N� be a round pun
tured neighbourhood of a
riti
al point p of index �, 
 = f(p) be the 
riti
al value and V
 = fq 2 N� : f(q) =
g � fq 2 N� : r(q) = �(q)g be the 
riti
al surfa
e in N�. Consider the sphereSn�1Æ = fq 2 N� : R(q) = Æg for some Æ < �. From equation (4) we see that theinterse
tion V
 \ Sn�1Æ is a produ
t of spheres S��1 � Sn���1. Pi
k a point q in thisset, with 
oordinates (Æ=p2;�q; Æ=p2;�q), and draw the null hyperbolae through qin �q, as in �gure 12. For any value of � we 
an 
hoose Æ small enough so that thesegment of ��q from q to the line r = m1� is 
ontained in N� and so is the segmentof �+q from q to the line r = m2�. Call their respe
tive endpoints q1 and q2. Wetake these null ar
s to be the interse
tion of the side boundary of QÆ with �q. Notethat by 
onstru
tion �QÆ \ �q = Pq�QÆ.The side boundary of QÆ is the 
ongruen
e of hyperboli
 segments obtained byrepeating the same pro
edure for all points in V
 \ Sn�1Æ . It has topology S��1 �Sn���1Æ �D1. To de�ne the lower and upper boundary of QÆ we simply 
ap o� theends of this 
ylinder using the level surfa
es Va and Vb, where a = f(q1) = 
 � �2,b = f(q2) = 
+ �2. It is easy to show, using equation (14), that �2 = 1�m214m1 Æ2. Thewhole boundary �QÆ is then an n � 1 sphere with 
orners and we de�ne QÆ to bethe open region inside it6. In �gure 13 we illustrate the 
onstru
tion of �QÆ in a5From the shape of the radial null geodesi
s, it seems reasonable to believe that the spherebounding N� would not disrupt 
ausal 
ontinuity either. This 
ould be shown by studying thebehaviour of R along general null geodesi
s at di�erent values of r=�.6Topologi
ally QÆ is just an n-ball. The side boundary resembles the standard surgery 
ylinderde�ned through integral 
urves of the gradient-like ve
tor �eld in a neighbourhood of the 
riti
al27
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Figure 12: For given q 2 V
 \ Sn�1Æ , the interse
tion �QÆ \ �q is given by the nullhyperbolae through q and by hyperbolae of 
onstant f in �q.neighbourhood of type (1; 2). The thi
k lines in �gure 12 represent the interse
tionof �QÆ with �q for general dimension n and � 6= 0; n.Like for N�, we say that the neighbourhood spa
etime (QÆ; g), obtained by re-stri
ting the metri
 (5) to QÆ, is of type (�; n��). Let us examine 
ausal 
ontinuityin these spa
etimes for the di�erent values of � 6= 0; n.Consider the spa
etime (QÆ; g) inside a Morse neighbourhood N�. Let V
 be the
riti
al surfa
e, Æ be the value of R for points in �QÆ \ V
, as above, and a, b be thevalues of f at respe
tively the initial and �nal 
omponents of the spa
elike part of�QÆ. The whole set �QÆ is a 
losed subset of N�. We have:Claim 2 Given any point q 2 QÆ, the sets I+(q)\f�1 ((a; 
℄) and I�(q)\f�1 ([
; b))are bounded away from �QÆ.Proof: We prove that I+(q) \ f�1 ((a; 
℄) is bounded away from �QÆ. Thisis trivial when f(q) � 
. So suppose there were a q with f(q) < 
 for whi
hpoint [28℄. Here the pair of hyperboli
 segments through a point q play the role of the integral
urve through q. 28
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Figure 13: In a neighbourhood type (1; 2) the side boundary is a 
ylinder S0 � S1 �D1,drawn in thi
k lines. We 
lose this 
ylinder to obtain �Q by gluing a subset S0�D2 of Vaat the \bottom" and a subset S1�D1 of Vb at the \top". We have drawn the bottom andtop boundaries in thinner lines, to emphasize the distin
tion between null and spa
elikeparts of �QÆ.I+(q)\f�1 ((a; 
℄) was not bounded away from �QÆ. Then there would be a sequen
eof timelike 
urves 
k starting at q and rea
hing points yk arbitrarily near �QÆ before
rossing V
. Consider their proje
tions 
0k = Pq
k to the quadrant �q, whi
h we knoware also timelike. At least one of the 
0k must traverse the null hyperbola ��q , sin
ebelow V
 this remains at �nite distan
e from �QÆ. But this is not possible be
ausethe tangent ve
tor to 
0k at the interse
tion point would not be both future-dire
tedand timelike. 2Claim 3 Consider a point q in a neighbourhood spa
etime QÆ. If there is a pointq0 2 I+(q) su
h that I�(q0) is bounded away from the 
riti
al point p, then # I+(q) =I�(q). Dually, if there is a point q0 2 I�(q) su
h that I+(q0) is bounded away fromp, then " I�(q) = I+(q). 29



Proof: Suppose that the past of a point q0 2 I+(q) is bounded away from p and
onsider a point y 2# I+(q). It has a neighbourhood Uy also 
ontained in # I+(q).We want to show that y 2 I�(q). Let the qk ! q be a sequen
e of points in I+(q)with q1 = q0 and qk+1 << qk. Pi
k a point y0 2 Uy\I+(y) and a sequen
e of timelike
urves 
k from y0 to qk.We plan to use the 
ompa
tness of the spa
e of 
ausal 
urves in some 
ompa
tsubset of QÆ to 
onstru
t a timelike 
urve from y to q. To do this we must identify a
ompa
t region where all the 
k's are 
ontained. We already know that the 
k's arebounded away from p. Indeed, there must be an open ball D�0 around p for whi
hI�(q0) \D�0 = ;. Then 
k � QÆ �D�0 8 k, sin
e I�(qk) � I�(q0).We now show that the 
k's are moreover bounded away from �QÆ. Sin
e 
k �I+(y0)\ I�(q0) 8 k, it suÆ
es to show that this set is bounded away from �QÆ. NowI+(y0)\I�(q0) is 
ontained in the union of I+(y0)\f�1 ((a; 
℄) and I�(q0)\f�1 ([
; b)),whi
h by 
laim 2 are both bounded away from �QÆ. Therefore there must be a Æ0 < Æsu
h that 
k � QÆ0 8 k.We 
on
lude that all of the 
k are 
ontained in the 
ompa
t set QÆ0 �D�0 � QÆ.Sin
e the spa
etime (QÆ; g) is strongly 
ausal, the spa
e of 
ausal 
urves in QÆ0�D�0is 
ompa
t. This implies that the 
k have a limit 
ausal 
urve 
 between y0 andq, 
ontained in QÆ0 � D�0. Therefore y << y0 < q in (QÆ; g), so that y 2 I�(q)(proposition 2.18 [19℄), as desired. The proof of the dual statement is similar. 2The sets P, F and S interse
t QÆ in the obvious regions, whi
h we also 
all P,F and S. There is no ambiguity, sin
e from now on we will only be talking aboutthe spa
etime (QÆ; g). It is straightforward to verify that 
laim 1 also applies forthe P and F in the spa
etime (QÆ; g).It should also be 
lear from the 
onstru
tion of QÆ that for any x 2 QÆ and anynumber 0 < a � 1 the point ax is also inQÆ. We use the following notation to denotes
ale transformations by a real number a: given a point q = (�q;�q; rq;�q) and a
urve 
(t) = (�(t);�(t); r(t);�(t)), we write aq for the point aq = (a�q;�q; arq;�q)and a
 for the 
urve a
(t) = (a�(t);�(t); ar(t);�(t)). Noti
e that the timelike
hara
ter of a 
urve is preserved under this s
aling.We are now ready to prove that in a neighbourhood spa
etime (QÆ; g) of type(�; n � �) with � 6= 0; n 
ausal 
ontinuity always holds at a point q 2 P [ F [ S.It fails at points q 2 �F only when � = 1, for then I�(�) 
hanges abruptly at q,and at points s 2 �P only when � = n � 1, for then I+(�) 
hanges abruptly at s.30



Remember that all our statements here refer to the spa
etime (QÆ; g) and subsetstherein.Lemma 3 For any value of the Morse index �, 
ausal 
ontinuity holds at all pointsq 2 S.Proof: We show that I�(q) = # I+(q). By 
laim 3 we just need to �nd a pointq0 2 I+(q) whose past is bounded away from p. So let q0 be any point in I+(q) \ S.Clearly su
h a point exists and its past bounded away from p, as 
an be seen by
onsidering I�(q0) \ �q0 = I�(q0; �q).I+(q) = " I�(q) is proved similarly. 2In our �nal two lemmas we use the intuitively 
lear result that if for a point xin a spa
etime M the di�eren
e # I+(x)� I�(x) is not empty, neither is its interior.More expli
itly:Claim 4 Given a spa
etime (M; g), suppose that for a point x 2 M there existsa y 2# I+(x) su
h that y =2 I�(x), then there also exists a z 2# I+(x) su
h thatz =2 I�(x). Dually, if " I�(x) � I+(x) 6= ;, then there exists a point z in " I�(x)su
h that z =2 I+(x).Proof: We prove the �rst part of the 
laim. Suppose # I+(x)� I�(x) is not emptyand all of its points lie in �I�(x). Pi
k one su
h y. By the obvious generalisationof Proposition 6.3.1[20℄ to a Lorentzian metri
 in general dimension, the boundary�I�(x) is an n�1 dimensional submanifold, so that any ball 
entered on the bound-ary interse
ts both I�(x) and the 
omplement of I�(x). Thus every neighbourhoodof y interse
ts the 
omplement of I�(x); hen
e no neighbourhood of y is 
ontainedin # I+(x), 
ontradi
ting the fa
t that # I+(x) is open. The proof of the se
ondpart is similar. 2Lemma 4 For any index �, 
ausal 
ontinuity holds at all points q 2 P [ F .Proof: Let q 2 F . First, we prove that # I+(q) = I�(q). Suppose not. Then thereis a point y and a neighbourhood Uy of y su
h that Uy �# I+(q) and Uy\I�(q) = ;.31



De�ne the sequen
e of points qk = akq where ak = (1 + Æk ), k = 1; 2; : : : and Æ > 0is small enough that q1 2 N�. The qk tend to q and lie along the radial timelike linefrom the origin through q. So qk 2 I+(q), 8k. Thus there exists a future dire
tedtimelike 
urve 
k from y to qk. Let 
0k = a�1k 
k, again a future dire
ted timelike
urve. The �nal point of ea
h of these s
aled 
urves is q and the initial point of 
0kis yk = a�1k y. Choose k large enough so that yk 2 Uy. This is a 
ontradi
tion.To prove that " I�(q) = I+(q) we just need to �nd a point q0 2 I�(q) whosefuture is bounded away from p, sin
e then we 
an use 
laim 3. Now for any pointq0 2 I�(q) \ F , the set I+(q0) is bounded away from p. This is be
ause f in
reasesalong every future-dire
ted timelike 
urve and there are small neighbourhoods of p,D�0, su
h that every x 2 D�0 has f(x) < f(q).Causal 
ontinuity at points in P is proved similarly. 2The only potential obstru
tions to global 
ausal 
ontinuity therefore lie in theremaining region �F [ �P. Combining the method of the previous lemma and theresults gathered in the last se
tion we 
an prove.Lemma 5 (a) When � 6= 1 
ausal 
ontinuity holds at all points q 2 �F . (b) When� = 1, if q 2 �F then I�(q) 6= # I+(q), while I+(q) = " I�(q). (
) When � 6= n� 1
ausal 
ontinuity holds at all points q 2 �P. (d) When � = n � 1, if q 2 �P thenI+(q) 6= " I�(q), while I�(q) = # I+(q).Proof: Consider q 2 �F .(a) � 6= 1. We �rst show that # I+(q) = I�(q). Suppose not. Then as usual, thereis a point y with a neighbourhood, Uy, su
h that Uy �# I+(q) and Uy \ I�(q) = ;.First y 62 P by 
laim 1 (iiia); also y 62 �P sin
e otherwise some other point in Uywould be in P. Se
ondly y 62 F , sin
e otherwise 
onsidering a sequen
e of pointsqk ! q, with qk 2 I+(q; �q) and the fa
t that Pqy 2 I�(qk; �q) 8k would lead to a
ontradi
tion with the known 
ausal stru
ture of �q; again y 62 �F sin
e otherwiseUy \F 6= ; and the same 
ontradi
tion would arise. Finally if y lies in S then usingarguments similar to those of lemma 3 we would obtain on
e more a 
ontradi
tion.That " I�(q) = I+(q) is proven as for points in F (lemma 4), sin
e f(q) > 
.(b) � = 1. Without loss of generality, assume �0(q) = 0. Let y 2 P2. Thenx 2 I+(q)) x 2 F by 
laim 1(ii) ) y 2 I�(x) by 
laim 1(i) and similarly for anypoint y0 in a neighbourhood, Uy, of y su
h that Uy � P2. Thus y 2# I+(q). But32



y 62 I�(q) by the proof of 
laim 1(iiib).Parts (
) and (d) are proved similarly. 2Putting together the partial results in lemmas 1, 2 4, 3 and 5, we have a proofof the following proposition.Proposition 3 Let (QÆ; g) be a neighbourhood spa
etime of type (�; n� �). Then(i) If � 6= 1; n� 1, then (QÆ; g) is 
ausally 
ontinuous.(ii) If � = 1 or � = n� 1, then (QÆ; g) is not 
ausally 
ontinuous.7 Dis
ussionWe have made progress towards proving the 
onje
ture [16℄ that a Morse geometrypresents 
ausal dis
ontinuities when, and only when, it 
ontains 
riti
al points ofindex � = 1; n�1. In parti
ular we have proved this for a 
lass of spa
etimes de�nedin neighbourhoods of single Morse points. We have also proved some more generalresults. The 
ausal 
ontinuity of the yarmulke spa
etimes has been demonstratedfor any Morse metri
 on these 
obordisms. Moreover we have seen that any strongly
ausal 
ompa
t produ
t spa
etime must be a Morse metri
. This indi
ates that the
lass of Morse spa
etimes is in fa
t quite general and hen
e supports the proposalto sum over Morse metri
s in the SOH.In order to obtain a full proof, we �rst need to extend our results in the neighbour-hood to more general metri
s than those built from the Cartesian 
at Riemannianauxiliary metri
. The next step would be to understand how the 
ausal properties ofthe individual neighbourhoods a�e
t the 
ausal properties of the entire Morse spa
e-time within whi
h they are embedded. We address these issues in a forth
omingpaper [29℄.We may take note here of the intuitive meaning of Lemma 5. At a Morse pointof index � = n � 1 (i.e. + � � : : :�), the universe intuitively is splitting into twodis
onne
ted parts. In this 
ase, Lemma 5 tells us that past(x) varies 
ontinuouslywith x, but future(x) jumps when x 
rosses �P. When the index is 1, the situationis time reversed; two 
omponents of the universe 
ome together and it is the pasts33



that vary dis
ontinuously. In all other types of topology 
hange, both pasts andfutures vary 
ontinuously throughout.We mentioned in the introdu
tion our intention, eventually, to 
onsider the Morsepoints as part of the spa
etime and not to ex
ise them. A 
ausal order that in
ludesthe 
riti
al points is desirable, espe
ially sin
e it does not seem plausible that isolatedpoints should be relevant in the quantum 
ontext. Most simply we 
an add in thedegenerate point, p, and extend the 
ausal relation by hand as done in se
tion 5.3,where J was extended simply by allowing 
ausal 
urves to originate or terminate atthe Morse point. For our neighbourhood spa
etimes, the result was that J�(p) = Pand J+(p) = F , where the 
losure is taken in the unpun
tured dis
.Though simple, this pres
ription may appear a little ad ho
. We believe, however,that the 
ausal order obtained in this way 
oin
ides with a robust generalisation ofthe usual 
ausal relation proposed in [23℄. This new relation, 
alled K, is de�ned interms of the 
hronology relation I, whi
h 
an be extended to the points of degenera
yessentially at will, for example by using the stri
t de�nition for 
hronology, i.e., byputting I�(p) = �. One 
an immediately verify that the 
ausal relation proposedabove for the neighbourhood geometries 
oin
ides with K. Our simple extension ofthe 
hronology to the 
riti
al points thus seems justi�ed by the robustness of K,whi
h is indi�erent to the presen
e or absen
e of isolated points in a spa
etime.A remarkable feature of this new setting is that the property of 
ausal 
ontinuityappears as the 
ondition that the pair (I;K) 
onstitute a 
ausal stru
ture in theaxiomati
 sense of [22℄. Details of this analysis will appear elsewhere [26℄.Even if further work is required before we 
an understand the physi
al relevan
eof our results, in parti
ular the e�e
t of 
ausal (dis)
ontinuity on the propagationof quantum �elds, we 
an already make an interesting observation: if the universedid begin in a big bang that 
ould be des
ribed in its earliest moments by a Morsemetri
 with an index 0 point, then the 
ausal stru
ture of the yarmulke is su
hthat there are no parti
le horizons: all points on a given level surfa
e of the Morsefun
tion have past points in 
ommon. That would mean that there would no longerbe a 
osmologi
al \horizon problem".
34
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