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1. Introduction

This paper is a pedagogical guide to the helicity formalism, which is the pre-
ferred method for obtaining angular distributions in most relativistic scattering
and decay processes. The first question that arises is: Why don't we use the
spin-orbit formelism that was developed in non-relativistic quantum mechanics?
After all, total angular momentum is always conserved, and one should still be
able to obtain the total angular momentum operator simply by adding the orbi-
tal and spin angular momentum operators for the particles. The problerm is that
these operators are defined in reference frames that are not at rest with
respect to one another. The orbital angular momentum operator is defined in
the center of mass (CM) frame, whereas the spin operaters are defined in the
rest frames of the particles. This leads to some technical preblems in describ-
ing the spin states which, however, can be overcome (1). The helicity formalism
is well suited to relativistic problems because the helicity operator A = S - D is
invariant under both rotations and boosts along #. As a consequence, one can
construct relativistic basis vectors that are either eigenstates of total anzular
momentum and helicity, or of linear momentum and helicity.

In preparing this paper the author relied on the original paper of Jacob and
Wick (2), as well as treatments by Chung {3), Perl {¢), Lifshitz and Pitaevskii {3),
Martin and Spearman (8), and Jackson (7). The phase conventicrns ars the same
as those used by Jacob and Wick.

Before plunging into the details, it iz useful to give a brief overview cf the
main ideas. Consider a decay process, a » 1 + 2, where a has spin J and spin-
projection M along an arbitrarily deﬁned z-2xis. We chcose tha rest frame of
in which its state vector is |/,#}. The amplitude for the final state particles 1,2

to have momenta 7, = @, and g; = —P; and helicities A; Az is

A=/*1=ﬁI.A1; ﬁ2=—ﬁf,?\giU|Jf»l> (11)
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The final state is referred to as a two-particle plane-wave helicity state. Here U
is the time-evolution operator that propagates the initial state through the
interaction. Bec'ause particles 1,2 have equal and cpposite momenta in the CM
frame, we can characterize the final state by the direction #(8,¢) of the decay
axis with respect to the z-axis (spin-quantization axis of &), by the magnitude p
of either particle's momentum, and by the helicities A;,Az. Thus (suppressing

p because it is fixed)
A={8.p A\ |U|JH} (1.2)

Because |A|? is the probability for the particles to emerge with polar angles
8.¢, if we can calculate (1.2), we have the angular distribution. Typically the

experiment does not measure the helicities A;, Az, so they must be siummed over.

The key idea in the helicity formalism is that rotational invariance of the
helicities allows one to define a set of two-particle basis states |j,m A Az} that
have definite total angular momentum 7, angular momentum projection m, and
helicities A;,Az. We can then exploit conservation of angular momentum by

inserting a compilete set of these states into Eq. (1.2).

A= N {8\l MmN m AN U TH

im

= 2 {8.¢. A he]d ALy EmurS s An, (1.3)

m

= <9.§0.A1.)\2 r J.M‘MJ\QAMAQ
It will be shown that
A = constant X Dfif (9.8.~9)Axp, (1.4)

where A =A; —Ag. This result has a simple interpretation. For a decaying
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particle a with spin projection M along z, the decay amplitude is equal to the
amplitude for its spin to have projection A = A; — A; along the dacay axis 2(9.¢),

multiplied a constant 4, giving the coupling to the final state helicities.

The plan of this paper is to derive some properties of rotation operators, to
use them to construct the plane-wave and total angular momentum helicity
states mentioned above, and then to calculate the scattering and decay angular
distributions. Finally, parity and the treatment of identical particles in the hel-

icity formalism are discussed.

2. Rotation Operators and the Df.4(xgy) Fanctions

In this section we derive several results that will be required for the
development of the helicity formalisn. Especially important are the
Dipu(cBy) functions, which are matrix elements of the rotation operator 7{af7y)

between angular momentum eigenstates.

2.1 The Rotation Operator R(a8y)

We adopt the active view of rotations in which the Cartesian coordinate axes
Xyz are fixed, and the physical system is rotated with respect to them. The rota-
tion is specified by attaching another coordinate system XYZ to the physical sys-
tem and measuring the Euler angles of XYZ with respect to the xyz axes. Refer-
ring to Fig. 1, we see that an arbitrary rotation P{agfy) can be constructed from
'3 successive rotations: 1) a rotation about the z-axis by an angle &, taking Oy
into Ou; 2) a rotation about the u-axis by an angie §, taking Oz into 0Z; and
finally, 3) a rotation about the Z-axis by ¥, taking Ou into OY. The complete rota-

tion is therefore
R(aBy) = Ry R, (PR, () = e 7 Tg g 2.1)

where we have used the fact that a rotation about a given axis 7 is generated by

the angular momentum operator J - #. Equation (2.1) for the rotation operator
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Figure 1. Construction of an arbitrary rotation by three successive rotations

parameterized by Euler angles a,8,7.

Az

Step 1. Oy — Qu: Rotation about z

z\ B‘z

¢

\
\

Step 2. Oz —0QZ: Rotation gbout u

/
/
/
X
Iﬁx
Step 3: Qu-=0Y . Rotation about Z

5-84 4821A1
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is not very useful because it is not expressed in terms of rotations about the ori-
ginal coordinate axes xyz. To do this, recall that if la) is a state vector
representing some physical system and & is an cbservable, then under a rota-

tion R of both the system and observable
|2} - |a = Rla) (2.2)
and .
{2]1Qla} ={a'|@'|a} ={a|RT@R|a)
so that
@ = RR"

Applying this rule to the sequence of three rotations that make up R(cgy) we
have ‘

Jz = [Ru(re)}?z(“)]Jz{-’?u(ﬁ)ﬂz(a)]f = Ru(fs)JanI(ﬁ)

Substituting these expressions into Eg. (2.1) gives

R{asy) = |Bu(@e ™ EIE) [ P (O) 2. ()]
= |2 (@e PRI RIE| RO ()]

R{afy) = g s g By TV (2.4)

In deri_v‘mg Eq. (2.4) we have exploited the unitarity of the rotation operaters, so

that, for example

exp[—""}'JZ] = exp[ -iy(Ru (B)]z Rj(ﬁ))]
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= R, {(B)exp[—iyJ; 1RI(B) (2.5)

The expression (2.4) is important because it expresses an arbitrary rotation
specified by Euler angles (a.8,7) in terms of rotations about the fixed axes xyz.
It appears in almost every paper on the helicity formalism, and, as we will sese, it

is the origin of the D y(a87) functions.

2.2 Representations of Potation Creraters

It is useful to evaluate explicit matrix representations of #. We will denote

a matrix representation of the unitary operator R by R.

2.2.1 Rotation of Vectors

A 3x3 representation can be obtained by considering rotations of vectors.
The effect of a rotation is to take the unit vectors &,, &, €5 that point alons Ox,
Oy, and Oz, respectively, into three new unit vectors E’l. E, E4 that point along

0X, O0Y, and OZ. Thus

= P S
E;=R[8;] j=123 (2.6)
Expressing £; in terms of the €; basis vectors we have
3
= -~
Ej = g; {«? (2.7)
i=1 b
To evaluate the matrix elements Rﬁ we use crihcgonality of the &
=3 238)
€ Ej= ), & &R = 2.8
TET Ty e
R__ =e; - E’j
~i

One can calculate &; - E'J in terms of the Euler angles (x&y).
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- -~ -
Because we can write any vector ¥V = V;&;, V transforms as

-,

Ve V= RIVI= BRG] = LVE
i

=2 VarR (2.9)
i ©j i

-
so that the components of V' expressed in the xyz coordinate system are

V=X RV (2.10)

7 "~
Note the difference between the rule for transforming a basis vector {(Eq. 2.7)
and the rule for obtaining the new components of a vector {Eq. 2.10): the

indices on R are interchanged with respect to the summing index.

2.2 2 Rotation of Angular Momentum FEisenst

2
=%

The angular momentum eigenstates |jm) transform irreducibly under
rotations because [R,J%] =0. Thus, a representation is labeled by the total

angular momentum j. The action of R{xf87) on the basis state |jm) is

o~
Ay}

E(agy)|im} = 2 Dhom(efy)lim”) 11)

m'=—j

Gm” | Rlafp)|imy = 3 Dhem(@yXim” |5’y = Dhem(a7)

m'=-j

These equations are analogous to Egs. (2.7) and (2.8). They express the

rotated state in terms of the original basis vectors.

Now we use the expression (2.4) to calewlate Dpm (&37)

; L —iad, —ipl, i),
Divm(ofly) ={jm'le e " ¥e F|jm}

Thus

Divm(afy) = e o™ dh oy (B)e 7M™ (.12)
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where

-84, i.’lm>

dx’nm(ﬁ) ={m' le

This matrix element is given by the Wigner formula

() = 2 {(—1)"T(J' +m )1 =m) (j+m Y (G -mN]E

(j—m'-n)(j+m-—n){n+m'-m)n!

X (cos%ﬁ)zji-m —m'—2n(_sin%ﬁ)m>_m +2n }

(2.13)

The sum includes all integers n for which all of the arguments of the factorials

are positive. Although Eq. (2.13) is somewhat complicated, the di,m(B8) have

many simple properties. Clearly these functions are real and from Eg. (2.13)

dfem(—B) = (1) " dfm(6)

Also, Rt = R~ implies {jm | R |jm."} = {jm' |R=1]|jm}* so that
[D};,m'(O.B.O)] - (jm. |e“iBJ”Ijm'> = /im'}ei""”{jm>
= D}, (0,-8,0)
where we have used the reality of the 2f,.,,(8) functions. Thus
Bhom( ) = S (D

Using (2.14) and (2.18), we find that

dhm(B) = (1) " - (8)
and from {(2.16) we have

Dim(0fy) = e ~™odf,, (B)e ™7 = e W (—B)e T

(2.14)

(2.186)
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= D (7,—.0) (2.17)
From Eq. (2.13) we can calculate df, ,,(g) for 8 = m,27
dhem(F) = (‘-1)" "™ Omt-m

] m(zﬂ) = (_1)2]' %'m(o) = (—1)2j Smm

~
W
-t
[8¢]

A

Finally, there is the extremely useful orthogonality relation

2n T
f daf 2y [ Sngd 8D (xB) D (a87)] = 2]:-21 Smm Sneiy (2:19)

3. Plane-Wave Heliciiy States

3.1 One-Particle Plane-Wave Helicitv States

The definition of one-particle plane-wave helicity states is intuitive. In the
case of massive particles we begin with the rest state |§ = O0,5s.X}, which has
spin s and spin projection A along the z-axis. In the rest frame the spin projec-
tion and the helicity are eqmvalent But when this state is rotated only the heli~
city A = § - § remains invariant, and we will use it to label the state. Physically,
the invariance is due to the fact that the quantization axis § rotates elong with
the spin § of the system.

To obtain the state |§.5,A}, we first rotate | = 0,s,A} so tkat its quantiza-

tion axis points aleng 5(8,¢) and then apply a Lorentz boost alonz £(8.¢).
BsN =L@)R(a=¢f=67=—¢)if =05\ (3.1)

The choice ¥ = —p is conventicnal {Jacob and Wick, Ref. (2)), and has no physical

meaning. It is convenient becauseas 8 - 0

R(p.6,—¢) |8 = 0s A} = ;Dﬁm(;aﬂ =0,—¢)Ip = 05,47
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- —igl LgA |2 = ‘
= ;Q b 55{7\57"‘ lp = O,S,J‘;I>

=g =0sN | (3.2)

independently of ¢. The notation L(8) means: boost the rest-frame particle

with velecity V along $(8.¢) such that its final momentum is g.

This procedure is completely equivalent to one in which we first boost along

the z-axis and then rotate to the $(8,p) direction, because
553 = LBIR(p.8.~¢) 1 = 051
= R(p,6,~9)[Rp.0.~0)L(B)R(p.8.~p)]|B = 05N}
= R(p.8.~¢)L(B. =pZ)!B = 0s. N} ‘ (3.3)

where we have used

L(B) = R(¢.0.—¢)L(B; = pZ)R"(p.6,—9)

There is one more phase question. To obtain the state | -2, .s.A} we use Eq.
(3.1) or Eq. (3.3) with 6 =, but there is no unique choice for ¢. The ambi-

guity can be removed by imposing the desirable condition

Hm |=-3,.8.A% = Im |3,.5.-A} 3.4
-§,~c| pzSA/ ﬁz'_':’-’:,t:znzs A (3.4)

Because {using Eq. (2.18))

~Amd,

e Y|P =0s A= ;Dg.)_(o,mo) 15 =05}
= 2 (=1 A6 alF = 05D
<

= (=1 B = 05.-A) (3.5)
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we have
. —tnd, | R .
(_1)3 xe i y]p = O,S,A> = lp = O's.—)\> (30)

Comparing with Eq. (3.4) we see that the definition is

—inJ,

| ~Bz.8 A} = (=1)* e TV |B. 5.0 (3.7)

Equations (3.8) and {3.7) will be important when we consider the action of the

parity operator on helicity states.

Finally, we choose the Lorentz invariant normalization
B.s'NIP.s.X = (2m)P 2E 6°(3'—P) dss Oan (3.8)

There is no difficulty in treating photons in the helicitly formalism. For mas-
sive states we can go to the rest frame and thereby obtain all the states
I8 =0sXA, A=-s,—s +1,..s by applying the angular momentum lowering
operator J_ =J, ~iJ, to I}T=0.s.s>. but we cannot do this for photons.
Instead, the photon helicity states |B,A = +1} and |F.A = —1} are related with

the help of the parity operator. See Ref. (2) for details.

3.2 Two-Particle Plane-Wave Helicity States in the Center of ¥zss Frame

Llm m i T 1 —am
that are in plans-wave

u
8

We now construct states that represent two particle

states with momenta §, and ;. They are simply the dirsct product states
- -+ —_ (=3
|B1As BaAg) = |B1.51A) ® [Ba.52.3) (3.9)

The spins s; and s; of the two particles are fixed and will be suppress2d. The

Lorentz invariant normalization is obvious from (3.8)

@B'iINuB Nz |B1AiBaAg) = (Rm)P4E  Ep6% (B - £1)6%(8'2 — B2)dn \ Oxp, (3.10)
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We now pick the CM frame, so that §, = ~p; = p. Because the particles are back
to back, we can now specify the same two-particle state in terms cf spherical
coordinates p,8,p, where p = |p1| = |PB2| and (9.p) are the angles of #,. The
state vector is written [p 6;07\17\2>. It is shown in the Appendix that the normali-

zation expressed in spherical coordinates is

{p'8'y N NzlpBohirg) = (2n)8—— 4;{_ 8*(P'* — P*)6{cos8’ — cos9)E{p' — ¢) X Gxpn, Sxp,
(3.11)
where P* = P{ + P§ is the total 4-momentum in the CM frame
=(E,000) E=EF +E;=Vp*+mi +Vp*+mj3 (3.12)
In.effect, we are making a change of variables from 7, fz (6 variables = 3 + 3) to

P?, cos8,y¢ (6 variables = 4 + 2).

Because the two-particle CM plane-wave states are eigenstates of total
four-momentum P, it is useful to factor out the eigenstate [P*}. From (3.11) we

see that a convenient factorization is

%
Vs .
[P BPANS = (2m)° [4751 EENSY (.13)

The factorization has been chosen so that the normalization (2.11) is pressrved

if we define the normalization of |P™} and |8pA1Ag) to be
(P P™ = 64P " - P?) (3.14
(8'¢'N Nz BpAAgy = O(cos8' — cos8)o(9" — ¢)0xa,Ox, (3.15)

We will see later that Eq. (3.14) is the source of the four-momenium conserving

é-function that is always factored out of the {momentum conserving) S-matrix.
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4. Construction of Two-Particle States with Definite Total Angular Momentum:

The Two-Particle Spherical-Wave Helicity Basis

To apply conservation of anguler momentum to the transition matrix ele-
ment, it is necessary to use eigenstates of total angular momentum as the basis
for our two-particle CM states. These new basis states will be denoted by
ip.J.M.A.Az}. Herep is the magnitude of the momentum of either particle, J is
the total angular momentum of the two-particle system, M is the eigenvalue of
J-, and Ay Az are the helicities of the two particles.Note that p.J A2z are all
invariant under rotations and thus can be specified simultaneously with #. It
may seem strange that p appears in the definition of these states, since neither
particle is in an eigenstate of P. But recall that we are specifying the magni-
tude, not the direction, of 8. A more intuitive lebel would be the total center

of mass energy

= Vmf + p? + Vm3 + p? (4.1)

but the use of p is conventional.

Because the |p.J.M A Ag) states are eigenstates of total angular momen-

tum, they transform irreducibly under rotations

2.0 M AN > Y Dfr(aEy) ip.d H Aidg) (£.2)
H'

The two parﬁcle plane-wave states Ep.e,;o)\;.)\z}‘ which we defined as the direct
products of two one-particle piane-wave states, do not have definite
J.M. Under rotations they transform according to a fully reducible represen-

tation R of the rotation group. (To say that /? is fully reducible means that it

can be decomposed into a direct sumn over all irreducible repressniations

specified by J. M. In less abstract terms, the matrix F that rotates
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|p,e,;a,>\1.)\2) is a block diagonal matrix. Each block is respornsible for
transforming the components of |p.8.¢9A1Az) With a particular value of J. Of
course, R and 1p.s,;a.7\1.)\2) are then both written in terms cf the |p.J, M AL Az}
basis.) What is the transformation between these two bases? We wrile the

expansion
p.8.9.A12) = JZ;JCJM(P:G'?:}\LAE) [p.J M A2 (4.3)
To determine the coefficients cyy we use a trick: it is easy to evaluate them for

@ = ¢ = 0. This direction corresponds to the z-axis, along which M is quantized.

We have

2.6 =00 = 0NN =0, el 8 = 0.2 = 0NN P AN (44)
JH

Physically, this vector represents two oppositely moving particles in plane-wave
states with momenta g, = pZ.8, = —pZ and with helicities A;,A;. As we have
noted before, this tyﬁe of state has no orbital angular momentum component
along the direction §, because L =# x . Hence, [p.§ =0y =0A.7;) is an
eigenstate of J, with eigenvalue A = A, — Az, and the only terms on the right-

hand side of Eq. (4.4) are those with #/ = A.

Ip.6 =0 = OALAg) = A e .8 =05 = 0ALA) 2 T AN A (¢.5)

Now we rotate back to the original state
|p.8.¢. Mg = R(¢.8,~¢)|p.8 = 0y = 0O A1Ag)

= chla@ﬁ = 0.9 = 0 AL A) D (9.6, —9) | p.J H' A Ag)  (4.6)

Referring back to Eq. {4.3), we can read off the coeflicients cyy
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CJH(p 'sv(P-AlsAz) = ch(piB = 0-‘? = O;Alyxz)D_‘fé‘x(;?.g,"'?) (4?)

The coefficients c/a(p.8 = 0, = O,A;,A2) are determined up to phase by normali-

zation. It is shown in the appendix that

’J + 1

2:
les] an

and we choose

2J + 1
o=/ 2L (4.9)

The transformation between the two-particle plane-wave helicity basis and the

two-particle spherical-wave helicity basis is therefore
2/ + 1
|p.8.2. M) = .;; AV Tﬂk{m(?ﬂ,—?) 2. J. M A A2 (4.10)

As an example, take 8 =¢ =0 and assume spinless particles, so that

M=A=0Then

1p.6 = 0.9 =000} = 3} \/ 251 pf(0,0.0)ip.7.4.0.0)

i+ 1
= 2 / 2"% p./.0,0.0) (4.11)

Finally, we note that because the |p,J.# A Ay states have total momen-
tum P =0, they are eigenstates of total four-mementum P*. This is simply
because we are working in the CM frame. It is therefore useful to factor out the

|P*} part of the vector as in Eq. (3.13).

4@’5

|p.J. M Ay = (Br)° M A | PSS (4.12)
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Substituting (3.13) and (4.12) into the transformation equation (4.10), we find,

because | P} is invariant under rotations,

J +
|82 = 3 N ZDin(2.6,-9) |1 H A (4.13)

To invert Eq. (4.10) or Eq. (4.13) we use the orthogonality relaticn between the
D’ tunctions, Eq. (2.19), witha = —y. Thus

or i
PR
7oA =N 2L fdg fdcose [D;(,,t(;o‘e.—;:)}a.;a.x,.xg)] (4.14)
0 -1

An especially useful form is the inner-product

Y + 1 =
M NN 8.9 MAS) = Sxp Bap, N/ 23% Din(p.8.-p)  {(4.15)

where

A=A1—Ag .

5. Angular Distributions
5.1 Two-Body Scattering

We consider now the process a + b » ¢ + d in the center ¢f mass frame.
Let the helicities of the particles be Ay Ay Ac Ag.  The initial state particlesc,b
have momenta P, = p;Z and P, = —p;Z; the final state particles have momenta

. =Py and Bz = -B,. Thus, the initial and final two-particle plane-wave helicity

states are:
[avs T
11} = [pi.8: = 0.p; = OAg .0} = (2r)° I"‘pf - 18; =0 = 0N [P
\ \ 3 14‘@% \ | pav :
}
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The transition amplitude for scattering from |i} to |f is

{FIT]) = (Rm)°a~/ ;s;}-(l’?l(é'pw-%c.?\a IT{00A A3 [P (82)
1.

Because T conserves energy: but may d2pend onit, we have

T = BmPE(PFIPR 4~/ ;Tf@;w.&.?\d [T(s)[0.02:.0)

= (2m)* 64(PF — P2)(2m)? £~ / p-;/ {87,987 A Mg | T(8)[0,00q. A3
1

It is conventional when defining the T-matrix to factor out the four-

momentum conserving é-function
Sfi = (5;.’ + i(2ﬂ’)4 54(1:}1 - P{x) Tf«,; (5.4-)

We will write (ignoring the i)

(T = (2m)% 4~ /p;o‘ (87,07 e A | T(s)10,005 A0 (5.5)

We can now exploit conservation of angular momentum by inserting complete

sets of the two-particle spherical helicity states and using Eg. (£.15)

TN = @M an/ === Y {8roshha| THANS)

PPy JuJw

X {THMNAG | T(8) | T H NS (T H Moo | €4 = O = 02N

= (2m)2 4~/ p—-——; y ;,,,%';.

X 67 8uu (o ha | T7(s)|1AaAs} X Dfra, {0.0,0)

Blors 1 )#

2 +1 o (. ,
) yre JD.@{, (¢7.87.791)

am |
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. B +11ne
171 = @mf e/ oo ;[ = ]ij, (9187 =0 0Aa | T/ {8) Aado)
(5.8)

where A; = Ay — Ay and Ay = A — Ag. Let
Taagagn, = Qeha | TV(s) [ Aghe) (5.7)

we have

’ A A -
JITIi) =4m ~/ p.;;f XJ:(ZJ + 1)e Ny 2, (87) T agagn, (s) (5.8)

The probability for a transition to final state particles with direction §;,¢,, as a

function of 8,,¢--the angular distribution-is given by
22 _(6,.9,) = al(f | TI3}|? (5.9)
aq, ‘7 wr) = ol / :

The overall constant a comes from phase space factors and can be ignored if

one is calculating only the angular distribution.

5.2 Two-Body Deacavs and Seauential Two-Bodv Dezavs

We now obtain the decay anguler distribution for a - 1 + 2, where ihe
decaying particle o has mass m,, spin J, and spin preojecticn /7 along an arbi-

trarily chosen z-axis. The final state particles 1,2 hkave helicities A Xz and

ctr
rh
]
o
d
o
8]
=

momenta B, =Py, 1 = —Py. As usual, we work in the CH frame {res

particle ). Frem Eq. {3.13) the two-particle plane-wave helicity final stzlz is
\ \ 3| M # \ 1o\ =
|f = |pr@reriingy = (B7) Y |87 ¢rMAey iPF) (3.10)

Here 6,,¢, are the polar angles of By. The amplitude for ¢ to decay into the

state |f) is
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%
4a4m,
EL] <5ffpf7\l7\2iU1J.M> (5.11)

where the momentum conserving §-function has been suppressed. We will also

Aa » ) = (2r)°

ignore the constants in Eq. {8.11), as they have no effect on the angular distribu-
tion. To exploit conservation of angular momentum we insert the two-particle

- spherical helicity basis states |J; ¥, \Az} and use Eq. (4.15)
A(a I f) = <9f¢f7\1>\2| U[J_{1>

:Z}z (89 Nda| Ty MpAAg){Jp Mp Mo | U| JHT)
¥ s 4

y

%
+ 1 v
= ¥ (BLEL Dy (9r.07.~0) 81,000, 5NN U LY (5.12)
Iy 1y 41

The matrix element {\\Az| UM} must be rotationally invariant, so it is

more precise to write it as 4,», with no # dependence, The amplitude fora - f

is therefore

2J+1’i

| DER(2r.87. ¢ YAap, (5.13)

Aa~1)=

where A = A; —Az. The decay probability is, of course, !4{a - F)|? and if the
experiment does nct measure the final state helicilies AjA; they must be

summed over. The angular distribution is

2

%
2J +1 =
Q%i(w-af.—?f).éw\z (5.14)

&

da |
a———— 6 , =

The simplest example is the decay to two spinless particles. The angular
distribution is

do 2/ +1
E(Gf-%') = | Dk% (2r.85.,~97)Ac0]?
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= | YH(0y.¢7) 17 | Asol? (5.15)

because J must be an integer.

The helicity formalism is easily extended to treat sequential two-body

decays. For example, the amplitude for the process
a->1+2
l>3+4

where the decaying particle has spin J and the final state particles have helizi-
ties Aj, Az, Mg, A4 IS, ignoring overall constants,

Ala > f) = }‘z {Baparahs| UL} s 1. M1 = Ap{r@ihhe| Ua) [ TH)
1

A~ f)= 2 Dxlxa—h ©3.83.~93) Dﬁﬁ e (21617910 BapArp,  (5.16)

Here we have summed over the allowed helicities of the intermediate particle 1
because they cannet be measured. The angles 8,,¢, are measured in the rest
frame of particle a, whereas the angles 84.¢3 are measured in the rest frame of
particle 1. (However, g3 is the same in both frames,) The 2z-axis in the frame of
particle a is the arbitrarily defined spin-quantization axis for /. The z'-axis in
the rest frame of particle 1 is not arbitrary. It is the direction of #, in the parti-

cle a rest frame, so that the spin projection along 2" is 8, = A;.

6. Parity

The spherical helicity states !p.J.M.)\l,Ag> are not eigenstates of parity.
However, we can discover their transformation property by starting with the
simpler single-particle plane-wave states from which they are constructed. By

exploiting parity conservation in strong and EM interactions we can reduce the
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number of helicity amplitudes by approximately a factor of 2.

6.1 Action of the Parity Operator con Sinsle-Particle Plane-Wave Helicity States

In the rest frame of a single particle state the action of the parity operator

I1 is simply to multiply the state by its parity eigenvalue n
Mg =0sX =7 =0sX (8.1)

To find the action of Il on the state |B..5 Ay we use the relations for parity

transformed operators
L(g;) = IL{-2,)I1 (6.2)
L) = e ™™ L(=p,)e"™
Thus
Mifas X = LGB = 0.5 A = L(~F:)TIF = 05.%)
=7 L(-.)1F = 0.5 A}
=7 e ™ L(B,)e ™ |5 =05 (6.3)
With Eq. (3.5) to calculate the action of e ™ we find
Mifs.s. A = n(-1 e ™ (B 5, (8.9)

To calculate the effect of parity on a particle with 5, = —pZ we can use Eq. (3.7)

for |—f,.s X in terms of |B;.8.A)
| —F,.8 A = (=1 e ™ 115, 5 A} (6.5)

where we have used [II,R] = 0 for any rotation operator R. After inserting our

previous result Eq. (6.4) and using Eq. (3.7) with A » —A, we find
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‘{ﬁJy -~

Oj~F.. 8.2 =7 |Be.5. =X = (=1 e V|55, A} (8.9)

6.2 Action of the Parity Operator on Two-Particle CM Plane-Wavae Helicjty States

Now consider the action of the parity operator on a CM plane-wave state

representing two particles with momenta 3, = pZ and g, = —pZ.
|p.8 = 0.9 = O\ A = Th B, st A e | —Fz.52.A2)
= 7)1")2("'1)%”2_)\1”‘2 e'" v |BzS1 = 7\1> e'™v® | -B2 -32-"7\2,\/
= ()N 6 = 0 = 0, M) 67)

8.3 Aétion of the Parity Operator on Two-Particle CM Spherical Helicity States

By substituting the spherical helicity state expansion Eq. {4.10) for the

two-particle plane-wave states on both sides of (6.7) we find

H%’CJD‘éA(O‘O'O) lp.J.M.Apxz} =
ﬂl?)a(—l)%ﬂgd‘ﬂg eiﬂl”;ﬂc.rpﬁ.-x(oﬁ-o) |2, J .M ~Ap~ha) (8.8)

The sums over M are trivial, because

D (0.0,0) = 6

To evaluate the right-hand side we use Eq. (2.14) and Eq. (2.18)

e™¥|p.J~N AL = ;D:{',«A(O.—TT-O) |p.J M =M —hg)

= (-1)7Ma . J A AL Az (6.9)

so Eq. (6.8) becomes
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SlesMlp.J ANiAs) = ma =1 e (<1 p T AR A (8:10)

This equation must hold term by term, because states with different J are
orthogonal and the parity operator on the left-hand side does not change J.
Thus

Op.J AAAS = Ml =1)" 172 p I A=Ay =Ag) (5.11)

By applying the raising and lowering operators J, = J, +iJ, to both sides of Eq.

(6.11) we can step # from —J to J.Thus
M|p.J H AN = muma(=1) V% p T M =A, -Ag (6.12)
This result is expected: parity changes the sign of the individual helicities, but

M is unchanged.

6.4 Applications of Parity Conservation to Helicity Amplitudes
For strong and electromagnetic interactions the T-matrix commutes with

II, so for a scattering processa + b » ¢ +4d
Mada | T Aa e} = e Aa [TITI T Aq Ap )

= ._._._:’;z: (1) A | T A s (8.13)
a

where we have used Eg. (6.12) for both the initial and final states.

For the decay processa -» 1 + 2, we have

Qe Ule) = Qare | TIUT 2D = pmane (1) x (h —ne | Ula

Ul
(8.14

Here J and 7, are the spin and parity of 2. The relations (8.13) and {8.14)

reduce the number of independent helicity amplitudes by about a factor of 2.
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The reader can show trivially that a pseudescalar cannot decay into two psesu

doscalars by a parity conserving interaction.

As an example, consider radiative ¢ decay
yory+X
Ny =-lLm=-Ln2=nx
J=1,8=1s3=5%
Podx | U1) = nx(=1) (=N Ak | U7}
or
Ay = "'?X(_i)sXA-)V—AX

Figure 2 shows the case sy = 2.
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Figure 2. Allowed decay processes ¥ - yX, where X is a spin-2 particle. The
two processes in each pair are related by parity because

&5 -8 (~p). The matrix elements Ay and Ay, have a rela-

Ax
tive +(-}) sign if the parity of X is even (odd).The photon is
represented by a wavy line and spin projections are denoted by dou-
ble arrows. Note that |\, —Ay|<J =1 because there can be no

orbital angular momentum about the decay axis (L = 7 x P).The A ;

are rotationally invariant.
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Figure 3. Helicities and decay angle definitions for ¥-yn’ 7'y, poontaT.

Each decay is viewed in the rest frame of the decaying particle.
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8.5 Example: Angular Distribution for¥ s vn'; 7' %0°; p° » 7'n

The sequence of two-body decays

Yo7
2 72p°

-

is shown in Fig. 3. The object is to calculate the angular distribution of the final

state particles, which are 7, 7z, 7, 7. Let the helicities of the particles be

denoted by

¥ decay 7' decay p° decay
Ap =0 ’ A =0,£1 A+=0
Ay, = £1 Ay, = £1 A,-=0

In e*e” interactions the ¥ is produced with spin-projection # = +1 along the
beam axis (no M =0!). This bis a consequence of the QED interaction
e*e” - virtual v at energies large compared to the electron mass, where elec-
trons couple to positrons of the opposite helicity only. It is therefore convenient
to define the z-axis to be along the beam direction. With unpelarized beams
there is no ¢ dependence and the origin of ¢ is arbitrary. The amplitude to

produce the final state particles with given helicities and angles is

A(H My hyp) = g} DEsIr, (9.6.79) A, (6.18)

x Dt{fsﬂ)?g_)p (ﬁﬂ'.G'.“gﬁ') B)‘Yz;\ﬂ X D:i\&)gﬁ _}\yr‘ (ga",ﬁ”,—f;") C)\ﬂ-*}‘w'

o

It is conventional to define the z' and z" axes by the momentum directions of ¥,

and ¥;. The spin projection of the p° along the 2" is therefore —A,. Because the
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7' has spin = 0, Ay, = A, = 0 and the p° cannot have helicity 0. Mathematically,

this follows from the constant D*®) term, for which s(#') = 0 forces both sub-

scripts to be 0. Substituting the known values for the spins, we find
= 1 o 1 " [T
A(M'X’l'x'k) = Dﬁhx ({0.9. ¢)AA7|\BXYSKYQD:A730 ({0 8", "4 ) Cgo (6 17)

If the photon helicities are not measured, we must sum over final states after

squaring the amplitude. The angular distribution is therefore

?
Tooety, deeery " g 5 AU (6.10)

where we have also averaged over the initial spin states of the 9. We can ignore
the helicity couplings A,B,C because they form one overall factor. This would
not have been the case if y; were replaced by a massive particle so that there
was an additional coupling to helicity 0. In our example, however, wé can relate

all couplings in the sum with parity (Eq. (8.14)).
A, = Axo = Ty (—1)F 0104,
= (—1)Aa0
By = MyMyme ("1)’(7)*30’)_8(”')3-1.—1
= (~1)B-1,11 (6.19)
Thé factors of (—1) are irrelevant in the squared amplitudes. Thus,

Y A A NP = (11 (8)1% + i -1(8)])

1’)‘72
x (|dfa(8")|2 + |d10(8M)[? (8.20)

Because .
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d1o(6") = i, (8") = (~1)alo(6") = 2 (8.21)

the second factor in Eq. (8.20) is just sin®8". Also

dp, =dly g = (1)1 diy  =dly

(8.22)
d} - =dig= (-1 dly, =dly,
where we have used the simple properties of the d functions. = From Eq.
(8.22) it is clear that the results for M = £1 will be the same. Thus
2 2
d?o 1 + cosf,, 1 —cosf,, ‘
— = + | ————| |sin?@”__
dcos8, dcosf" - 2 2 L
=(1+ cos?6,,) sin®8"”, ' (6.23)

where we have ignored overall constants. It should be emphasized that the
angles in this formula are measured in the rest frames of the decaying particles
% and p°. An interesting feature of this result is that there is no azimuthal angle
dependence of any kind. This is a consequence of the fact that there were no
unmeasurable intermediate helicities to be summed over, and will not, in gen-
eral, be the case. For example, iny » ¥f (1270); f » n*n~, the sums over f hel-
icity in the amplitude produce ¢’ dependence in the angular distribution.
6.8 Example: ular Distribution for 4 -» Vector + Pseudoscalar

The ﬁrocess e*te” » 9 » Vector + Pseudoscalar provides an example of a
nontrivial azimuthal angular dependence. For convenience, we consider

¥ - po°rc; p° - n*tn~, although there are many other examples {¢7, ¢n'. wn, on',
Wi, ...).

It will be shown below that the A = 0 amplitude of the p° vanishes by parity

conservation, and interference between the A= +1 and A= -1 amplitudes
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produces a correlation between the production plane and the decay plane of the
p°. The production plane is defined by the e*e” beam axis (the z-axis) and the
p° momentum veétor (the z'-axis): this plane lies at the azimuthal angle ¢ about
the z-axis in the lab frame. The decay plane is defined by the momentum vector
of the 'ﬂ“" in the p° rest frame and the momentum vector of the p® in the lab
frame. This plane lies at the angle ' about the 2'-axis in the p° rest frame. With
the phase convention used in this paper, the production plane lies at the azimu-
thal angle ¢ in the p° rest frame as well as in the lab frame. This follows from
the fact that the z'y'z' coordinate axes are obtained from the zyz axes by a
rotation with the Euler angles a = ¢, 8§ = 8, ¥ = —¢. Thus, the angle between the
- production plane and the decay plane, which is the only physically meaningful
azimuthal angle, is given by Ap = ¢' ~ 9.

The calculation is straightforward. Parity conservation (Eq. 6.14) provides a

relation between the helicity amplitudes
A = (—1)/¥v e Iny = -4 (6.24)
Ap A M¥7p"In A “Ar “Ag A ’

which implies that Agq vanishes. The p° therefore has helicities A, = +1 only.
The corresponding amplitudes interfere because the helicities characterize an
intermediate state and cannot be determined by any measurement of the final
state pions. The ¥, as discussed in the previous example, is produced as an

incoherent mixture of My = +1. The decay angular distribution is therefore
-—dN 1 ' ’ z
an - 23 | 2, Db, (9.8.—9) Ay 0 Do (9.6 —9) | (6.25)
v %

where we have used A, = 0. By substituting the D functions, cne finds (ignoring

overall constants)

= [(1 + cos?8) + sin?fcos2(p’ — go)]sinze' (6.28)

e
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Figure 4. Distribution of p°n° events in Ap. The cos2A¢ dependence is due

to interference between the A, = +1 amplitudes.

As in the decay ¥ » ym', ' - ¥p° the absence of helicity zero for the p°
results in a sin®#" distribution of the pions in the p° rest frame. If one integrates
over the azimuthal angle, the p° has a (1 + cos?8) distribution relative to the

beamn axis.The azimuthal angular dependence is

E‘;%ng [1 + Ycos2(p' — gp)J (8.27)

after integrating over the polar angles. Figure 4 is a histogram of Ay = ¢' — ¢ for
¥ - p°n® events measured by the Mark III detector. The cos2(¢’ — ¢) depen-
dence is clearly present, although there are dips in the distribution at
¥ = 0,m, and 2r due to the detector acceptance. At these angles the p° produc-
tion and decay planes are aligned, and the charged pions are more likely to go

into the ends of the detector (closer to the beam pipe) where the detection
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Figure 5. Scatter plot of Ap vs. cos8 for p°n® events.

eﬂiciéncy is low.
The correlation between cos@ and Ag¢ is shown in Fig. 5. The acceptance is

also poor when |cosé| ~ 1, but the approximately uniform horizontal bands at

Ap = 0, 7, and 27 are evident, and contrast with the strong horizontal density

variation in the bands at Ay = gmand %’L

7. Symmetrization of Helicity States for Identical Particles

In the helicity formalism is it easy to construct appropriately symmetrized
states for the analysis of processes with identical particles. Let P,z dencte the
particle interchange operator, which swaps particles 1 and 2. The action of P2
on an identical two-particle plane-wave helicity state aligned along the z-axis is,

because s, = sz = §,

Pi2lp.8 = 0.0 = ONAg) = Pral| B2 .5 ALL} | P55 A2.2) ] (7.1)
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The particle labels 1,2 have been added to the one-particle helicity states to
indicate which of the two states each particle is in. The quantum numbers A;, Az

refer to states, ndt particles. Interchanging the particles gives
Pr2|p.6 = 0.0 = 0NN} = |Br8 A2} | —F 8. he L)
= (1) M 5, o A2}
x (1) 2 e B 5 s a0 1) (7.2)
Some care is required with half-integer spins, where
(~)" =17 = (=) = () (- = () (7.3)
The last expression is also valid for bosons. We note that
g My = gty Iy iy (-1)% ' (7.4)

which says that half-integer spin particles pick up a factor of (-1) when they are

rotated by 2m. Using these results in Eq. (7.2) gives

(_l)auxg—;\l LY

Pi2|p.6 = 0. = OANG) = VB8 A2 [Fas A 1

= (-1 ™M g 5 = 0,0 = 02N, (7.5)
/

where the ordering of the A's in the state vector is now reversed from the LHS of
Eq. (7.2).

We can quickly determine the action of P;; on spherical two-particle heli-
city states by comparing Eq. (7.5) with the action of the parity operator in Eq.
(8.7). The only differences are that in the present case, s; = s = s, there are no
parity factors, and now the order of the helicities is reversed. Thus, we can read

off the answer from Eq. (6.12)
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Prlp.J M AN = (-1)772 |p,J M A1) (7.8)

According to the spin-statistics theorem, states of identical bosons must be
even under particle exchange, and states of identical fermions must be odd
under particle exchange. Thus, the correctly summarized two-particle spherical

helicity states are
1+ (—1)23212] p.J MMM = oS AN + (1) | HAzAyy  (7.7)

The result is the same for bosons and fermions.

As a simple application, we will show that a massive spin-1 particle cannot
decay into two photons. From Eq. (7.7), the correctly symmetrized two photon

CM state is
|<I>) = |p.J=1,M.)\1.7\2) - Ip,J=1,M.}\2,7\l> (7.8)

But |A, — Az| £J = 1 because there can be no orbital angular momentum about
the decay axis (L = # x B). For photons, which have no zero helicity component,
this implies that A, = A;. The two states on the RHS of Eq. (7.8) are therefore

identical and

|8} = 0. (7.9)
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Appendix
We now show how to normalize the two-particle plane-wave helicity states
when they are labeled by |p,8,¢.A1.A2) (Eq. 3.11). The normalization in the ,,8.

coordinates is {Eq. 3.10)
(B'1LNEB'2 N2 [ BrAiBa = (23m)B4E  Eo6%(B") — 51)6%(B'2 — B2)oap Oxp, (A1)

We are assuming that all other labels describing internal quantum numbers such
as charge, isospin, strangeness, ete. are identical, so that we don't need addi-
tional é-functions on the right-hand side of Eq. (A1). By specifying the state with
spherical coordinates, we are making a change of variables from ©,p. to
f’.p.e,ga, where P is the total momentum in the CM and # is the momenturn of

one of the particles. It is easily seen that
d%p,d%p; = |¥|d®Pd®p = d®Pd% = d3Pp?dpd?Q (A2)

We can find the relation between dp and ¢ P° from

VE =P = F, + Ep=Vp* +m} + Vp*+m§

1 1 ) _ (E1+ Ez)pdp _ spdp
dP° = + -
pdp[ Vo2 + m? 0% + mj J E\E, E\E,

Thus

£,E
4% ,d%s; = dSP[dP" p‘—z] 20

PExga
v_

d*Pd?Q) (A3)
This change of variables means that

pELE
Sd%,d% (B LN B e N2 BL A BaAD = [ d*Pd20~—‘—2<p 8':N1\21P.0.9. A1 D
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Using Eq. (A1), we see that
(2m)°4E Eabxa Sxppe = d4szQ@-’\;§—2(p'.6'.7\'l.Xg, |p.6.o M A  (A4)
which implies |
(p".8'.9' N1 N2l 8.0 M A = (2m)° ?pﬁww =P ~ )by Sxp, (A5)
This proves Eq. 3.11. By definition
(TN N2 [T M A = 85061l p S p, (A8)
Using Eq. (4.14) with ¢; unknown and Eq. (3.15) we have
(I M NNl L HMAD = oy 1P [ [ d*0d®QDf x (9'.6'.~¢") DS (9.6, ~9)
X 63 — Moup O, (A7)

Performing the integral over d?Q' and using orthogonality of the DY functions
with a = —y = ¢ (BEq. 2.19) gives

41

<J.M ,Al.AglJ,M.Alw = 27 + 1

{cs 12 6570uubxpOxp, (A8)

By comparing Eq. (AB) with Eq. (A8) we see that

2J +1

4w (a9)

leg |2 =

as claimed.
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