Contemporary Mathematics

The Frobenius endomorphism and
homological dimensions
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Introduction

In 1969 Kunz [29] proved a fundamental result, connecting the regularity of a
local ring of positive characteristic with the flatness of its Frobenius endomorphism
. This was a first indication of the important role that ¢ would play in homological
commutative algebra, especially in reflecting basic homological properties of the
ring.

Some results in Peskine and Szpiro’s groundbreaking thesis, announced in [42]
in 1969 and published with full proofs in [43] in 1973, carry this idea further.
Peskine and Szpiro discovered that base change along ¢ preserves resolutions of
modules of finite projective dimension and then applied this result as a main ingre-
dient in their proof of the Intersection Theorem. Thus they introduced the use of
the Frobenius map as a tool in solving homological problems in positive character-
istic. This approach has been developed and used to prove some major theorems
in homological commutative algebra in the last quarter century.

Herzog in 1974, and others more recently, established various converses of Pe-
skine and Szpiro’s theorem. Such results extend another aspect of Kunz’s theorem,
namely the fact that the Frobenius endomorphism detects finite homological dimen-
sions. As yet, the full extent of its power to do so is not completely understood.
In this article we survey what is known about this property of the Frobenius endo-
morphism and discuss some questions that remain.

Another major theme of this survey is the behavior of numerical functions
defined by the Frobenius endomorphism that are closely tied to its homological
properties. The study of such functions, once again, originated in Kunz’s Theorem.

In this survey we give, whenever possible, proofs or motivations of the results
we discuss, we record the most precise conclusions that can be drawn from the
proofs, and we recast a few arguments into a shorter or more illuminating form by
using more recent techniques, sometimes obtaining a new result.
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2 C. MILLER

The outline of this paper is as follows: We begin in Section 1 with a discussion
of the theorem of Kunz mentioned above. Section 2 is devoted generalizations of
the equivalence of regularity with the homological conditions in Kunz’s theorem
to the setting of modules. Section 3 concerns what properties of the ring other
than regularity are reflected by the homological properties of the Frobenius en-
domorphism. In Section 4 we discuss generalizations of the equivalence with the
numerical conditions in the theorem.

Since the situation for complete intersection rings is special, and indeed much
more is known than in general, it is treated separately in Section 5.

We consider asymptotic versions of the numerical conditions in Section 6 and
finish with some questions in Section 7. In an appendix we discuss in detail the
properties of the two possible actions of R on the base change of an R-module via
the Frobenius endomorphism, and on its derived functors. While well-known to
experts, this material may be useful to beginners.

In a different direction, the homological properties of the Frobenius endomor-
phism have been used in multiple ways in homological algebra, not only in proving
important theorems, but also in spawning new constructions that have provided
illumination for further steps. For example, Peskine and Szpiro, Hochster, and
P. Roberts have applied these to solve central questions in Intersection Theory, cf.
[12] and [48] for further reading. The Frobenius endomorphism has also inspired
notions useful in the study of singularities in geometry, such as F-regularity and
F-rationality, and has led to the concept of tight closure introduced by Hochster
and Huneke, where many homological properties of the Frobenius endomorphism
are used, cf. [24] for a systematic exposition.

Conventions. Before beginning, we summarize some relevant conventions and
terminology. Throughout this paper we let R denote a commutative Noetherian ring
of dimension d and characteristic p > 0, unless otherwise indicated. In particular,
a local ring is assumed to be Noetherian as well. When R is local, m will always
denote its maximal ideal and k the residue field R/m. The embedding dimension
of R, denoted edim R, is the number dimz m/m?, and the codimension, denoted
codim R, is the number edim R — dim R. We use ¢g(—), pdg(—) and fdg(—) to
denote length, projective dimension and flat dimension, respectively.

The Frobenius endomorphism ¢: R — R is defined by ¢(r) = rP for r € R.
When necessary, we indicate the relevant ring R by a subscript, writing ¢ g instead
of . Bach iteration ¢™ defines on R a new structure of R-module, denoted by ¥"R,
for which a - b= a?"b.

1. Regularity

The ability of the Frobenius map to detect an essential property of the ring,
namely a singularity, was discovered by Kunz in 1969'. Set m[P"! = ©™(m)R: this
is the ideal generated by the p™-th powers of any set of generators of m.

Kunz’s THEOREM (Kunz, [29, Thms. 2.1 and 3.3]). The following conditions
are equivalent for a local ring R of characteristic p and dimension d.

(a) R is regular;

INagata’s review [41] of [29] begins as follows: “Many characterizations of regularity of a
local ring are known. The article gives one which is of a very different type from those known and
which is good only for the case of prime characteristic p.”
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(b) ¢ is flat;

(b") ™ is flat for some n > 0;

(c) ((R/mlP) = pd;

(") L(R/mPP"N) = pn? for some n > 0.

Kunz’s proof proceeds through some variants of the conditions above. We list
these explicitly in order to make specific comparisons with later results.

Kunz’s THEOREM (continued). The following conditions are equivalent to the
conditions listed above.

(b") ™ is flat for infinitely many n > 0;

(b") ™ is flat for all n > 0;

(") ¢(R/mlP"ly = pnd for infinitely many n > 0;

(") L(R/mP"1y = pn? for all n > 0;

(A7) L(R/mP"Ny = p"e for infinitely many n > 0, where e = edim R.

Note that the equivalence of (a) and the various forms of (b) does not, in fact,
require R to be local since regularity and flatness can each be checked locally (cf.
[36, Thms. 7.1, 19.3]). The infinitely many values of n in condition (d”) are indeed
necessary.

We give an indication of how the proof of the theorem goes; the details may
be found in [29]. Used several times in the proof is the following case of Cohen’s
Structure Theorem.

COHEN’S STRUCTURE THEOREM. If R is a complete local Ting containing a
field, there is a ring of formal power series Q@ = k[[t]] on indeterminates t =
t1,...,te, e = edim R, such that R = Q/I for some ideal I of Q. If R is regular,
1=0.

The Local Criterion for Flatness is used in Kunz’s original proof. We state an
extension that will be useful in later arguments as well (cf. [1, Prop. 2.57]).

LocAL CRITERION FOR FINITE FLAT DIMENSION. Let R — S be a local ho-
momorphism of local rings (of any characteristic), and let N be a finitely generated
S-module. If Torl(k,N) =0, then fd N < i.

SKETCH OF PROOF OF KUNZ’S THEOREM. A first round of implications is
summarized by the following diagram.

(a) = (b) = (V") = (V) = (V") = (d") = (a)

For the first implication, let t: R — R be the canonical map to the m-adic
completion R, which is isomorphic to a ring of formal power series E[[t]]. The map
@ can be factored as k[[t]] = kP[[tP]] — k[[tP]] — Kk[[t]], where kP = {2P | x € k}.
Note that k[[t]] is free over k[[tP]], and the first map is flat by the local criterion
of flatness: Torfp[[tp]] (kP, E[[t?]]) can be seen to be zero for i > 0 by computing it
from a Koszul resolution of kP over kP[[t?]]. So, ¢zt = tpr is flat and then g is
flat by the faithful flatness of ¢.

Of the next three implications, the middle one is trivial and the others follow
from the fact that compositions of flat maps are flat. To prove that (b”) implies
(d”), Kunz shows that if ¢™ is flat, then the set of p™-th powers of a set of minimal
generators of m is independent in the sense of Lech [34]; properties of independent
sets established in [34] give the desired implication.
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Next, using the fact that lengths are preserved under completion and taking a
presentation k[[t]]/I for R from Cohen’s Structure Theorem, Kunz observes that
condition (d”) implies that the lengths of k[[t]/(I + (t*")) and k[[t]]/(t"") agree
for infinitely many n > 0, which is only possible if I C ﬂn(tpn) =0 and so R is
regular.

The remaining equivalences are proved in the following order.

(a) = (") = (¢) = (¢) = (") = (V)

Since lengths are preserved under completion, the first implication again follows
easily from Cohen’s Structure Theorem. The next two are trivial. That (¢’) implies
(¢") is proved by showing that an inequality

((R/mlP"]y > pnd

holds for all R. For the last step, (¢””) implies (b’), first the inequality above implies
that R is a domain, and then an application of Noether’s Normalization Theorem
and counting of ranks show that ¥"R is free over R. g

Since the regularity of R is equivalent to the condition that the residue field k
has finite projective (equivalently, flat) dimension, the equivalence of (a) and (b’)
relates the homological algebra of the modules k and *"R. We will see this theme
repeated in other results, most notably in Sections 2, 3 and 5.

The numerical function implicit in condition (c¢’) bears similarities with the
Hilbert-Samuel function ¢(R/m™), which is a polynomial of degree d for n > 0
with leading coefficient e(m, R) defining the multiplicity of R. This has led to the
developments described in Section 6.

2. Finite projective dimension

The flatness condition in parts (b) of Kunz’s Theorem can be recast in the form:
Torl(M,#"R) = 0 for all finite R-modules and all i > 0. The equivalence of this
condition with (a), the regularity of R, conjures up analogues with the homological
behavior of the residue field k. Thinking along these lines has taken two different
routes.

On the one hand, for a module over any local ring R it is known that the finite-
ness of the projective dimension of M is equivalent to the vanishing of TorZR(M k)
for one, or for infinitely many, values of 7. Thus k always is a test module for finite
projective dimension. In both parts of this section we focus on the extent to which
¢"R has, or is known to have, similar properties. The case of complete intersection
rings is treated separately in Section 5.1 as it requires different machinery.

On the other hand, restrictions on other homological invariants of the R-
modules #"R, such as various homological dimensions, or certain measures of the
size of its resolution, are known to characterize, just as for k, properties of the ring
other than regularity. This is the point of view taken in Section 3.

2.1. Finite projective dimension and the Frobenius endomorphism.
The homological manifestations of the Frobenius were further realized with the
result of Peskine and Szpiro in 1969 that base change via the Frobenius leaves
finite free resolutions acyclic. This was their main tool in proving the Intersection
Theorem ([42, Thm. 1], [43, Thm. 2.1]).
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DEFINITION 2.1.1 (Peskine-Szpiro, [42],[43]). The Frobenius functor F, or Fg,
from the category of R-modules to itself is given by base change along the Frobenius
endomorphism ¢: R — R:

F(M)=M®Rr*R
with the R-module structure given through the righthand variable, that is,
r-(m®@s)=m®(sr) forall re R,me M, seR.

REMARK 2.1.2. If M is finitely generated, say by mi,ma, ..., m,, then F(M)
is finitely generated, by m; ® g 1, me Q@ 1,...,m, ®g 1. For any prime ideal p in
R, since ¢~ !(p) = p, there are isomorphisms

(FR(M))p =M Qg pr = Mw—l(p) ®R¢ APRP = Mp ®Rp LPRp = FRp (Mp)

—L(p)

It follows that if M is finitely generated, M and F(M) have the same support and
thus the same dimension.

THEOREM 2.1.3 (Peskine-Szpiro, [42, Cor. 2|, [43, Thm. 1.7]). Let R be a
Noetherian ring of characteristic p. If M is a finitely generated module of finite
projective dimension, then one has

Torf (M, ?R) = 0
for all i > 0. Furthermore, for every prime ideal p in R
dep (F(M))p = PdRF M.

PROOF. By localizing at a prime minimal in the union of the supports of
Torf (M, #R) for i > 0, one may assume that for a minimal free resolution L,
of M, F(L,) has finite length homology for ¢ > 0. Exactness then follows from the
Acyclicity Lemma ([42, Lemma 1], [43, Lemma. 1.8]), developed for this purpose,
which says that a finite free complex of length at most the depth of R and with
finite length homology modules must be acyclic. The second assertion follows from
the first in view of Remarks 2.1.2 and 2.1.5. ]

It follows that if L, is a finite resolution of M by finitely generated projective
modules, then F(L,) is a projective resolution of F(M). In the local case, this
translates to the following explicit result by Remark 2.1.5 below.

THEOREM 2.1.4 (Peskine-Szpiro, [42, Cor. 3|, [43, Thm. 1.13]). Let R be a
Noetherian ring of characteristic p. If

Os Os— 2]
0— Ly =5 Loy — -+ =5 Ly

is a minimal exact complex of finitely generated free modules, then the complex

a[;g] a[P] . 8{17]

0— Ly =L, —5%... 5,
is exact, where 8?] is given by the matriz with entries equal to the p-th powers of
the entries of the matriz for 0; for eachi=1,...s. O

The last theorem can be iterated, yielding TorlR (M,¢"R) = 0 for all i,n > 0 if
M has finite projective dimension. Iterations of the Frobenius endomorphism play
an important role in what is to come, so we discuss them next.
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REMARK 2.1.5. Let F", or F33, denote n iterations of the Frobenius functor.
The associativity of tensor products yields an isomorphism F™(M) = M &g ¥"R.
Furthermore, F*(R) & R, and if f: R® — R! is a homomorphism of free R-modules
given by a matrix [a;;] in some bases, then in the same bases the homomorphism

F™(f): R®* — R is given by the matrix [p"(a;;)] = [ai;’"]. Since F™ is right exact,
it follows that if  is an ideal of R, then F(R/I) = R/IP"] where the bracket power
IP"] of T denotes the ideal generated by the p™-th powers of any set of generators

of I, that is, IP" = o"(I)R.

REMARK 2.1.6. It follows from Theorem 2.1.3 that if M has finite projective
dimension then so does F(M). There are many examples to show that, even if
F (M) has finite projective dimension, M need not. For instance, we may take M
to be any finitely generated non-free module over an Artinian local ring R. If we
choose n so that m?" = 0, then ml?"! = 0 and F"(M) is free.

REMARK 2.1.7. Let R be local. By Theorem 2.1.3 and the Auslander-Buchs-
baum equality, whenever M has finite projective dimension, F™ (M) and M have
the same depth. This may fail otherwise, as shown by examples suggested by S.
Iyengar and A. Singh.

The depth may drop: Let R = k[[z,y]]/(zy) where k is a field of character-
istic p, and let M = R/I where I = (x). Here M has depth one, but F(M) =
k[[z,y]]/(zy,zP) has depth zero. The depth may also rise: Let R = k[[x,y]]/(z?)
and M = R/I where I = (xy). Here M has depth zero, but F(M) = k[[x,y]]/(z?)
has depth one.

Combining the ideas in these examples, one may produce an example where the
depth behavior is not monotone: Let R = k[[x,y, z, w]]/(zy, 2PT1) and M = R/I
where I = (z, zw). Here depth M = 1, depth F(M) = 0, and depth F2(M) = 1.

We now discuss a converse of Theorem 2.1.3 that provides a criterion for finite
projective dimension using the Frobenius, and was the beginning of the realization
that the n-th Frobenius module ¥"R may be a test module for finite projective
dimension. We leave out the proof, as a more precise version by Koh and Lee is
proved in Section 2.2.

THEOREM 2.1.8 (Herzog, [22, Thm. 3.1]). Let R be a Noetherian ring of char-
acteristic p, and let M be a finitely generated module. If TorZR(]\J7 ¢"R) =0 for all
1 > 0 and infinitely many n, then M has finite projective dimension. 0

To emphasize the analogy with Kunz’s Theorem, we summarize these results.

COROLLARY 2.1.9 (Peskine-Szpiro, Herzog). For a finitely generated R-module
M over a Noetherian ring of characteristic p the following conditions are equivalent.
(a) M has finite projective dimension;
(b") Tor®(M,?"R) =0 for all i > 0 and infinitely many n;
(b)) Torf(M,?"R) =0 for alli,n > 0. O

This corollary generalizes the equivalence of condition (a) with the different
versions of condition (b) in Kunz’s Theorem. Indeed, by the Auslander-Buchsbaum-
Serre Theorem, condition (a) in Corollary 2.1.9 holds for all finitely generated R-
modules M if and only if the ring R is regular. Similarly, condition (b”) (resp.,
(b)) in Corollary 2.1.9 holds for all finitely generated R-modules M if and only
if *"R is flat over R for infinitely many n (resp., for all n ). As discussed in Proof
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of Kunz’s Theorem, the other implications between its various conditions (b) are
trivial because compositions of flat maps are flat.

The reader may have noticed that Corollary 2.1.9 leaves open the question
of whether the condition on the vanishing of Torf (M, ¢"R) for a single n can be
included, corresponding to condition (b’) in Kunz’s Theorem. More specifically, one
may ask: For how many values of ¢ and n does one need TorZR (M, ?"R) to vanish to
ensure that M has finite projective dimension? Recently there has been progress
on this question; we describe it in Sections 2.2 and 5.1.

2.2. Finitistic criteria for finite projective dimension. To discuss a first
criterion, we introduce some invariants defined by Koh and Lee in 1998, [27]. Their
ideas grew out of techniques used by Burch in [13] and Hochster in [23], and present
implicitly in Herzog’s proof of Theorem 2.1.8 above.

In this section R is local and M and N denote finitely generated R-modules.

We will give the most precise statements that can be made from the proofs in
[27]. Koh and Lee also develop a dual set of definitions and results using injective
resolutions; we do not list them here, but mention them briefly at the end of this
subsection.

Alongside the definitions given by Koh and Lee, we introduce bracket power
versions of their invariants in characteristic p by replacing the regular powers m?
of m with its bracket powers mP"]. Except where indicated, their results hold in
any characteristic; for statements involving bracket powers, it is implicitly assumed
that R has characteristic p.

DEFINITION 2.2.1 ([27]). For a homomorphism 9: R" — R™, set
col(9) = inf{t > 1|70 d(R") € m" for each epimorphism 7 : R — R};
col,(d) = inf{p" > 1| 70d(R") € mPP"] for each epimorphism 7 : R™ — R}.

Thus, col(9) is the least ¢ such that, for any? m x n matrix [a;;] representing O
with respect to some bases of R" and R™, each row® of [a;;] contains an element
outside m’; the analogous statement holds for col,(9) using bracket powers of m.

For an R-module M, let M denote the i-th map in a minimal free resolution
of M, and set

col(a) = § oL@ [ > 1+depth B} if pd M = oo;
e it pd M < oc.

An invariant col,(M) is defined similarly.

DEFINITION 2.2.2 ([27]). For an R-module N, let Soc(N) = (0 : m)y denote
the socle of N and set

s(N) = inf{t > 0| Soc(N) € m*N}.

An invariant s, (M) is defined similarly.

2In [27] it is not made explicit whether “some” or “any” was intended; it was the latter.
3Koh and Lee [27] multiply matrices on the right, so our rows are their columns.
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DEFINITION 2.2.3 ([27], [28]). For every local ring (R, m), set?

col(R) = sup{col(M) | M is an R-module};

fpd(R) = inf{s(N) | N is an R-module with pd N < oo and depth N = 0};
crs(R) = inf{s(R/(x)) | € = x1,...,z, is a maximal R-sequence }.

Define col,(R), fpd,(R), and crs,,(R) similarly, by using col, (M) and s,(N) in place
of col(M) and s(N), respectively.

To relate these invariants, we need the next remarkably powerful result that
has a very simple proof.

PROPOSITION 2.2.4 (Koh-Lee, [27, Prop. 1.2]). If N is an R-module of depth
0 such that Tor®(M,N) = 0 for some i with 0 < i < pd M, then each row of oM,
contains an element outside of m>(N) (resp., an element outside of m[SP(N)]),

PROOF. Let (Lo, 0) be a minimal free resolution of M. By hypothesis, ten-
soring L, with IV gives a complex that is exact in the i-th spot. If the entire j-th
row of 6%1 were contained in m®Y), then the j-th component of every element in
Im(9;41 ®r N) = Ker(d; @z N) would be in m*N)N. But since L, is minimal,
L;®gSoc N C Ker(9;®rN) and so one would have Soc N C m*(V) | a contradiction.
An analogous proof works for the statement involving bracket powers. [

Applying Proposition 2.2.4 to the modules N used in the definitions of fpd(R)
and fpdp(R) gives the following corollary; indeed, choose N with pd N < oo and
depth N = 0 so that s(N) = fpd(R) (or s,(N) = fpd,(R)). Since pd N < depth R,
if t —1 > depth R, then TorZR(M7 N) =0, and we are done by the proposition.

COROLLARY 2.2.5 (Koh-Lee, [27, Thm. 1.7]). If M has infinite projective di-
mension, then for all i > 1+ depth R each row of M contains an element outside
of mPAE) (resp.. an element outside of mPd() ), O

This immediately yields a comparison between the invariants in Definition 2.2.3.
COROLLARY 2.2.6 (Koh-Lee, [27, Prop. 1.5]). There are inequalities

col(R) < fpd(R) < crs(R) < oo

coly(R) < fpd,(R) < crsp(R) < oc. O

In fact, when the residue field k£ of R is infinite, the numbers in the first row are
conjectured to be equal ([28]), but this can fail if & is finite ([28, Ex. 4.8]). These
numbers are always equal if R has depth zero, ([28, Prop. 1.7]).

We give examples to show that in general crs(R) and crs,(R) are incomparable,
and so neither statement in Proposition 2.2.4 or in Corollary 2.2.5 implies the other.

EXAMPLE 2.2.7. Consider the ring R = k[z,y]/(2%,y?), where k is a field.
Note that R is zero-dimensional with Soc(R) = (xy). If k has characteristic 2, then
Soc R € m? and Soc R ¢ m?, but Soc R ¢ ml?. So, we see that crs(R) = 3 and
crsy(R) = 2. However, if k has characteristic 5, then R satisfies crs(R) = 3 and
crsy(R) = 5.

4The intended association is “column” for col, see the preceding footnote, “finite projective
dimension” for fpd, and “cyclic by a regular sequence” for crs.
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We now state Koh and Lee’s result, which is a significant strengthening of
Theorem 2.1.8, as it gives a finitistic criterion for finite projective dimension. Koh
and Lee state it with the condition p™ > col,(R), but this number is not usually
available. The strength of the theorem lies in the fact that, due to the inequal-
ity in Corollary 2.2.6, it can be applied by ensuring that p™ > crs,(R), or that
Soc(R/(z)) ¢ mlP"l/(z) for some R-sequence @. Excepting this remark, the fol-
lowing statement is the most precise conclusion that one obtains from their proof;
it corrects misprints in [27] and [9]. It is clear that the bracket invariant yields a
stronger (or equal) result, so we give only this statement.

THEOREM 2.2.8 (Koh-Lee, [27, Prop. 2.6]). Suppose that R is a local ring of
characteristic p, and let n be an integer such that p™ > crs,(R). Let M be a finitely
generated R-module. If TorZR(M, ¢"R) = 0 for depth R + 1 consecutive values of
1 >0, then M has finite projective dimension.

PROOF. Let (Lo, ds) be a minimal free resolution of M, and let r denote the
depth of R. If Tor®(M,¢"R) =0 for £+ 1 <4 < £+ 7+ 1, then tensoring L, with
¢"R and truncating gives a minimal acyclic complex

F" (Op4ri2) F™(0¢+1)
— 5

Loyryo Loyryr — - — Loy Ly —0

of length 7+2 whose maps have entries in m?"l C m™»(%)_ Because of the inequality
in Corollary 2.2.6, this contradicts the definition of col,(R) unless Lyy,4q =0. O

For rings of depth zero and n > log,(crs,(R)), this already gives the strongest
possible version of Herzog’s result.

COROLLARY 2.2.9. Let n be such that Soc(R) ¢ mlP"l. If Torf(M,¢"R) = 0
for some i > 0, then M has finite projective dimension. O

In particular, for rings R with Soc(R) ¢ mlPl, such as the rings in Remark
2.2.7, there is no restriction on n.

REMARK 2.2.10. When R is Artinian, the proof of Theorem 2.2.8 trivializes:
Its hypothesis becomes m/P"! = 0; hence in the complex Lo @z ? R all boundary
maps are zero, and exactness in the ¢-th spot means L; = 0.

Now suppose that R is Cohen-Macaulay. Using modules of finite injective
dimension, Koh and Lee develop a set of definitions and results in [27] dual to
those above. The dual theory can give a slightly stronger result than the one in
Theorem 2.2.8. We sketch their proof, modifying it for bracket powers. Again, we
give the effective version involving the bracket version of the invariant drs(R). It
can be defined as the “bracket Loewy length” of R, namely,

drs,(R) = inf{p" > 1 | mPP"] C (), for some maximal R-sequence x}.

From this definition it is clear that crs,(R) < drs,(R), and it can be shown that
equality holds if R is Gorenstein (by an argument like that for [28, Prop. 4.1]).

THEOREM 2.2.11 (Koh-Lee, [27, Prop. 2.6]). Suppose that R is Cohen-Macaulay
and has positive dimension, and letn be such that p™ > drs,(R). If Tor®(M,¢"R) =
0 for depth R consecutive values of i > 0, then M has finite projective dimension.
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PROOF. As in the proof of Theorem 2.2.8, one obtains a minimal acyclic com-
plex

F™(Op4r+1) F"(0¢+41)
_ 5

Ly,—0

but with Ly, 0 replaced by another free R-module G to retain exactness at Ly 1.
Let C be the cokernel of F™(041).

Choose a maximal R-sequence = so that mlP"] C () as in the definition of
drs,(R). The finitely generated R-module T' = Hompg(R/(x), E), where E is the
injective hull of k over R, has depth zero and finite injective dimension. Since
Soc(T) is one-dimensional, the condition Soc(7) ¢ mlP"IT holds if and only if
mlP"IT = 0. Thus p" > s(T).

Since Ext’l;%'*'l(C’7 T) = 0, applying Hom(—,T') to the complex above leaves it
exact at Lyy,41. Next, an argument exactly as in the proof of Proposition 2.2.4
yields that the map to the left of Hom(Ly . 1,7) has some entries not in mlP"].
Since the arrows have been reversed, that map is actually the T-dual of F"(9p4r+1),
and we arrive at a contradiction. (]

G— L£+r+1 — Lz+1

COROLLARY 2.2.12. Suppose that R is a one-dimensional Cohen-Macaulay
ring, and let n be such that p* > drs,(R). If Torl(M,¢"R) = 0 for some i > 0,
then M has finite projective dimension. O

The dual theory also yields a result for injective dimension analogous to the
one given in Theorem 2.2.8, namely that finiteness of the injective dimension of a
module M can be detected from the vanishing of Ext%(¥"R, M) for depth R + 1
consecutive values of ¢ > 0 and some n > crs,(R). It is interesting to compare
this to an earlier theorem of Goto: if, for some n > 0, Hompz(?"R, R) = ¢ "R and
Ext%(¥"R,R) = 0 for 1 <i < depth R, then R is Gorenstein [19].

3. Homological dimensions

In the previous section, we saw how the Frobenius endomorphism behaves with
respect to modules of finite projective dimension and how it can be used to detect
finite projective dimension. Since regularity of a ring is equivalent to the finiteness
of its global dimension, these results yield that regularity is equivalent to finite flat
dimension of all iterations of the Frobenius endomorphism. The stronger version
involving only one iteration is discussed in this section.

Recently, the question of what other properties of a ring of characteristic p can
be detected by the finiteness of certain homological dimensions of the Frobenius
endomorphism has been considered. In the first subsection we survey results for the
homological dimensions: flat dimension, injective dimension, CI-dimension, and G-
dimension; in the second we discuss a related asymptotic homological condition. We
omit most proofs in this section, but point the reader to the appropriate references.

3.1. Detection of properties of the ring from the structure of the
Frobenius endomorphism. We begin with the property of regularity: In 1988
Rodicio used André-Quillen homology in an essential way to strengthen a crucial
implication, (b) = (a), in Kunz’s Theorem. Although not stated explicitly in
[22], it follows also from the earlier result of Herzog, namely Theorem 2.1.8 above.
Koh and Lee have shown that it follows easily from their results as well, discussed
in Section 2.2; this is the proof that we give here.
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THEOREM 3.1.1 (Rodicio, [50, Thm. 2]). Let R be a local ring of characteristic
p. If fdr(¥"R) < 0o for some n > 0, then R is regular.

Proof ([27, Prop. 2.6]). If ©™ has finite flat dimension, then so do its self-
compositions ¢™, as can be shown using the Cartan-Eilenberg spectral sequence.
Take ¢ such that p™ > crs,(R). Since TorZ(k,*"'R) = 0 for all i > fdr(*"'R),
Theorem 2.2.8 implies that k has finite projective dimension, so R is regular. [

By the Local Criterion of Finite Flat Dimension, cf. §1, Theorem 3.1.1 can be
restated as a nonvanishing statement for non-regular rings.

COROLLARY 3.1.2. If Tor®(k,#"R) = 0 for some i > 0 and some n > 0, then
R is regular. O

It turns out that regularity is also detected by the injective dimension of the
Frobenius endomorphism.

THEOREM 3.1.3 (Avramov-Iyengar-Miller, [8]). Let R be a local ring of char-
acteristic p. The ring R is regular if and only if idr(¥"R) < co for some n > 0.

While flat or injective dimension are defined directly, other properties of ho-
momorphisms, such as Gorenstein and the Cohen-Macaulay properties, as well as
the corresponding homological dimensions, are defined via a Cohen factorization.
This enables one to consider a finite (in fact, surjective) homomorphism and use
the definition for finite modules.

DEFINITION 3.1.4 (Avramov-Foxby-Herzog, [6]). Let a: (A,m) — (B,n) be a
local homomorphism of local rings; let t: B — B be the canonical inclusion of B

/ ~

into its completion. A Cohen factorization of ta is a factorization A LNy AN

such that the map & is flat, the ring A’ is complete, the ring A’/mA’ is regular, and
the map o’ is surjective. A Cohen factorization always exists, but is not necessarily
unique, although any such factorization can be reduced to a minimal one, for which
edim A’/mA’ = edim B/mB holds.

The results below use homological dimensions whose global finiteness charac-
terizes certain properties of the ring. The terminology derives from the fact that
a ring A is complete intersection (respectively, Gorenstein, Cohen-Macaulay) if
and only if the CI-dimension (respectively, G-dimension, CM-dimension) of every
finitely generated A-module is finite.

DEFINITION 3.1.5 (Avramov-Gasharov-Peeva, [7]). A finite A-module M is
said to have finite CI-dimension if there is a local flat homomorphism A — A’ and
a surjective homomorphism A’ « @ with kernel generated by a regular sequence
such that pdg(M ®4 A’) < 0.

Blanco and Majadas proved that the Frobenius endomorphism can be used to
detect the complete intersection property (cf. §5 for the definition ).

THEOREM 3.1.6 (Blanco-Majadas, [11, Prop. 1]). Let R be a local ring of
characteristic p. The ring R is complete intersection if and only if for some n > 0
and for some (equivalently, for any) Cohen factorization R — R’ — R of ©", the
module R has finite CI-dimension over R'.

The proof uses techniques similar to those of Rodicio’s proof of Theorem 3.1.1.
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DEFINITION 3.1.7 (Auslander-Bridger, [2]). A finite A-module M is said to
have finite G-dimension if it has a finite resolution by finite modules GG,, such that
each G, reflexive and satisfies Ext(G,,, R) = Ext®(G*, R) = 0 for all i > 0.

Iyengar and Sather-Wagstaff have shown that Frobenius endomorphism can be
used to detect the Gorenstein property as well. A proof was given independently
by Takahashi and Yoshino [53] in the case that ¢ is finite.

THEOREM 3.1.8 (Iyengar-Sather-Wagstaff, [26]). Let R be a local ring of char-
acteristic p. The ring R is Gorenstein if and only foor some n >0 and for some
(equivalently, for any) Cohen factorization R — R’ — R of ™, the module R has
finite G-dimension over R'.

Gerko has introduced a notion of CM-dimension, which combines features of
both definitions above, as follows:

DEFINITION 3.1.9 (Gerko, [18]). A finite A-module M is said to have finite
CM-dimension if there is a local flat homomorphism A — A’ and a surjective
homomorphism A’ < @ such that both A’ and M ®4 A’ have finite G-dimension
over @, and ExtiQ (A,Q) =0 for i < gradeg(A’).

The finiteness of CM dimension of all finite modules global characterizes the
Cohen-Macaulayness of a ring. When the Frobenius module is finite, Takahashi
and Yoshino have proved that the finiteness of its CM-dimension suffices.

THEOREM 3.1.10 (Takahashi-Yoshino, [53]). Let R be a local ring of charac-
teristic p and suppose that k is perfect. The ring R is Cohen-Macaulay if and only
if for n>> 0 the R-module ¢"R has finite CM-dimension.

3.2. Detection of properties of the ring from asymptotlc data on the
Frobenius endomorphism. When R is not regular, so that Tor (k,¥"R) # 0 for
all 7 > 0 by Corollary 3.1.2, we examine the asymptotic behavior of the numerical
function

i Ln ( Tor’(k, San)),
where lengths over @™ are defined as in Appendix A.2.
The complexity measures the degree of the least polynomial bound of this
function; it is defined as follows, cf. Appendix B.

DEFINITION 3.2.1. For a local ring R, the complexity of R over ¢", denoted
cx,n R, is the least non-negative integer ¢ with the property that

Con (Torf(k,?"R)) < Bi'™
for some 3 € R and all 7 > 0; if no such ¢ exists, then cx,» R = oo.

The curvature measures the exponential rate of growth of the numerical func-
tion above; it is defined as follows, cf. Appendix B.

DEFINITION 3.2.2. For a local ring R, the curvature of R over ¢" is defined as

curvgn R = limsup;, \i/&,n (Torf (k,*"R))

The main result of [8] is that this function has maximal growth (cf. the in-
equalities (5) in Appendix B):
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THEOREM 3.2.3 (Avramov-Iyengar-Miller, [8]). Let R be a local ring of char-
acteristic p. For any n > 0, there are equalities

cXon R = cxp k and curvyn R = curvg k.

In particular, this yields a characterization of the complete intersection prop-
erty in terms of a purely numerical condition, which is weaker than the structural
condition given in Theorem 3.1.6. See [8] for details on how these two results are re-
lated, the main link being that the complexity and curvature can also be computed
via a Cohen factorization of ™.

THEOREM 3.2.4 (Avramov-Iyengar-Miller, [8]). Let R be a local ring of char-
acteristic p. The following conditions are equivalent.

(a) R is complete intersection.

(b’) cxpn R < 00 for some n > 0.
(b") cxyn R = codim R for all n > 0.
(¢') curvyn R <1 for some n > 0.
(€") curvyn R <1 for all n > 0.

Theorem 3.2.4 follows directly from Theorem 3.2.3 in view of an analogous set
of characterizations of complete intersection rings in terms of the complexity and
curvature of the residue field.

Since R is regular if and only if R is complete intersection of codimension zero,
Theorem 3.2.4 extends that part Kunz’s Theorem from Section 1, which states that
the regularity of a local ring R is equivalent to the flatness of ¢™ for any n > 0,
and also Rodicio’s Theorem 3.1.1.

REMARK 3.2.5. The results in Section 3 again reflect the strong similarities
of the module ¥"R and the residue field k in their roles as test modules for cer-
tain homological properties of the ring R. Each of Theorems 3.1.1, 3.1.6, 3.1.8,
3.1.10 and 3.2.4 are standard results for the module k in place of the module ¢"R:
the finiteness of the flat dimension, CIl-dimension, G-dimension, CM-dimension,
or complexity, respectively, of k implies that R is regular, complete intersection,
Gorenstein, Cohen-Macaulay, or complete intersection, respectively.

4. A numerical condition

In this section we consider generalizations of Kunz’s equivalence of the regu-
larity of a local ring R with the numerical condition:

(") L(R/mP"l) = pn? for all n > 0.
Since R/m[P"l = F"(k), this condition can be expressed in terms of Frobenius
functors in the form ¢(F"(k)) = £(k)p™?.

In this section, M denotes a module of finite length; as explained in the Ap-
pendix, the length of F™(M) is then finite for all n > 0.

REMARK 4.1. When R is regular the Frobenius functors are exact, so an easy
induction on the length of M shows that (¢’”) is equivalent to the following seem-
ingly stronger property: ¢(F™(M)) = £(M)p™® for all R-modules M of finite length
and all n > 0.

In 1974, Peskine and Szpiro gave the first result generalizing Kunz’s numerical
characterization of regularity.
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THEOREM 4.2 (Peskine-Szpiro, [44, Thm. 2], [52, §3]). Let R = @,~, R; be
a graded Noetherian ring generated by Ry such that Ry is Artinian, and let M

be a graded R-module of finite length. If M has finite projective dimension, then
L(F™(M)) = £(M)p™® for all n > 0.

Based on this result, Szpiro [52] conjectured that the equality above holds for
all modules of finite length over a local ring (and predicted a version of the Chern
theory discussed in Section 6.2). In 1985, Dutta showed this is indeed the case for
several classes of rings, namely, complete intersection rings, cf. Theorem 5.2.1 (ii),
and rings of small dimension.

THEOREM 4.3 (Dutta, [14, 1.14]). Let R be a Cohen-Macaulay local ring of
dimension at most two or a Gorenstein local ring of dimension three, and let
M be an R-module of finite length. If M has finite projective dimension, then
U(F™(M)) = £(M)p"? for all n > 0.

For Cohen-Macaulay rings of dimension at most two the result is deduced from
the fact that the Vanishing Conjecture holds over such rings (cf. [14, 1.13]). Another
proof was provided by the development of the theory of local Chern characters, cf.
Section 6.2 for more details.

In the case of complete intersection rings much more is known. This is the
topic of Section 5.2. In fact, we will see that over complete intersection rings the
strongest possible generalization of Kunz’s numerical criterion holds, namely that
given by Theorems 5.2.1 and 5.2.2. However, in general it fails completely.

EXAMPLE 4.4. The first example with
((F™(M)) # £(M)p"?

for a module of finite projective dimension was given by P. Roberts in 1989, [47, §4].
He used a pair of modules (M’, N'), constructed by Dutta, Hochster and McLaugh-
lin [16] with a negative Serre intersection multiplicity over a three-dimensional
hypersurface R’ such that R’-module M’ has finite length and finite projective di-
mension. First, Roberts constructed a finite extension ring R of R’ carefully chosen
to exploit the pathological behavior of the modules (in particular, the class of R
is equal to the class of N’ in the reduced Grothendieck group of R’). After a
base change of M’ to R, which is a three-dimensional Cohen-Macaulay local ring,
Roberts obtained an R-module M of finite length and finite projective dimension
with the property above.

In 2000, A. Singh and the author [39] used similar techniques to obtain such
a module over a five-dimensional Gorenstein local ring. This shows that Theorem
4.3 does not extend to all Gorenstein local rings.

In fact, in each example above, the module M satisfies an inequality

((F™(M)) < (M)p"?
for all n > 0, in contrast to modules of finite length over a complete intersection
ring, which all satisfy the inequality ¢(F"(M)) > £(M)p™?, cf. Theorem 5.2.1 (i).
5. Complete intersection rings

In this section we discuss a class of rings for which the best possible results
characterizing finite projective dimension in terms of homological (cf. §5.1) and
numerical (cf. §5.2) conditions involving the Frobenius endomorphism hold. This
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case was rendered more approachable by techniques particular to this class of rings.
These are given in Section 5.3, before the proofs, which are gathered in Section 5.4.

To introduce the next notion we recall that by Cohen’s Structure Theorem, cf.
§1, every complete local ring has a Cohen presentation, that is, a presentation as a
homomorphic image of a regular local ring.

DEFINITION. A local ring R is said to be complete intersection if in some
(equivalently, in every) Cohen presentation of its m-adic completion }A%, the defining
ideal is generated by a regular sequence. A Noetherian ring R is said to be complete
intersection if for every maximal ideal m the local ring Ry, is complete intersection.

5.1. Homological conditions for finite projective dimension. The re-
sults in Section 2.2, especially Theorem 2.2.8, raise the question whether the ulti-
mate generalization of Theorem 2.1.8 holds: If Tor?(M,¢"R) = 0 for some i > 0
and some n > 0, then M has finite projective dimension. A positive answer is
known over complete intersection rings.

THEOREM 5.1.1 (Avramov-Miller, [9, Main Thm.]). Let R be a complete inter-
section ring, and M a (possibly infinitely generated) R-module.

If Tor®(M,*"R) = 0 for some fized i,n > 0 then Torf(M, ¢"R) = 0 for
all j > i; if, furthermore, M is finitely generated, then pd M < oo, and hence
Torf‘(M, ¢"R) =0 for all j > 0.

The first statement says that ¢"R is rigid for any complete intersection ring R.

It suffices to treat the case when the ring R is local. By 5.3.2 below one
may assume that R is complete. The proof in the complete local case exploits a
very concrete factorization of the n-th Frobenius endomorphism ¢” as a flat map
followed by a surjection, discussed in Section 5.3, and the notion of complexity. The
factorization allows the possibly infinitely generated module ®"R to be replaced by
a cyclic module over a (different) complete intersection ring. Furthermore, the
asymptotic homological behavior of this cyclic module is transparent due to an
explicit resolution constructed by Tate [54]. Dutta [15] has given a variation on
the proof that uses the factorization, but avoids the notion of complexity.

In Section 5.4 we sketch the proof from [9], incorporating a simplification of
the first part given in [15].

5.2. Numerical conditions for finite projective dimension. The numer-
ical functions discussed in Section 4 behave well for complete intersection rings.

THEOREM 5.2.1 (Dutta, [14, Thm. 1.9]). Let R be a complete intersection local
ring, and let M an R-module of finite length. Then
(i) L(F™(M)) > £(M)p"d for alln >0, and,
(i) L(F™(M)) = L(M)p™® for all n > 0 if M has finite projective dimension.

Combining the original proof in [14] with ideas from [9], and [15], we prove
this result in Section 5.4. Local Chern character theory, described in Section 6.2,
provides another proof.

Using the ideas from all three papers, [14], [9], and [15], we can derive a
converse of Theorem 5.2.1. The proof can be found in Section 5.4.

THEOREM 5.2.2. Let R be a complete intersection local ring, and let M be an
R-module of finite length. If ((F™(M)) = £(M)p™® for some n > 0, then M has
finite projective dimension.
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The condition on lengths is rendered more concrete if we recall that for a module
M with presentation
JA IRy . —)

the module F™(M) is simply the cokernel of the matrix [a;} n] In particular, we

obtain a quick way to check the finiteness of projective dimension of m-primary
ideals.

COROLLARY 5.2.3. Let I be an m-primary ideal in a complete intersection
local ring R. Then I has finite projective dimension if and only if /(R/IP)) =
pM(R/I). O

5.3. Main Ingredients. This section includes the basic tools that we need
for the proofs of the results above. It is these constructions that make the Frobenius
endomorphism in the case of complete intersection rings so amenable to study.

We begin with a factorization, defined for any local ring R of characteristic p;
it is particularly useful in the case that R is complete intersection. We will use

NOTATION. For any homomorphism «: A — B of commutative rings, we let
“B denote the A-B-bimodule B with A acting through o and B acting through
idpg, that is, a - V' = a(a)b/ and V' -b=0bbforalla € A, ¥/ € *B, b € B.

FACTORIZATION 5.3.1. Let R be a local ring of characteristic p. By Cohen’s
Structure Theorem, cf. §1, the ring R is a residue ring of a ring of formal power
series = k[[t]] on indeterminates t = t1,..., ., say R = Q/I, with I C mg,. Set

§=Rwo*Q=q/1").
Let o: S — R be the canonical surjection, and let p denote the composition
R4§=§®QQMﬁ®Q¢HQ=S.
Then op = @%L = 1p’h; as v and ¢": Q — @ are local flat homomorphisms, so is p.
Since R is flat over R and p is flat, we have isomorphisms
(1) Torl*(M,?"R) @ R = Tor®(M,¥"'R) = Tor® (M @z *S,°R).
Concretely, the endomorphism 90% factors as

~ —R®oo™ ~
R P QPQ g o R

H |

QI —— QY —— Q/I

where o (7) = r?" and o(s) = 5. If [ = (z1,...,,), then IP"] = (xfn7 czP"). In
particular, if R is complete intersection, then the ring S is also complete intersection
and has the same codimension as R.

The following remark is useful for reducing to the complete case.

COMPLETION 5.3.2. If 11 R — R denotes the canonical map into the m-adic
completion, then

Tor;(M, wnbﬁ) = Tor;" (M, wnR) ®r R Tor?(M R R\, (pn]/%)
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for all i > 0 since 1% = (p%L. For i = 0 this yields

FR(M)®r R= F2(M @R R)
and thus an equality of lengths (g (FR(M)) = EE(F}%(MQQRE)). Since R is faithfully
flat over R, these facts enable us to assume that R complete in the proofs below.

We describe next a filtration originating in [14] that conveniently complements
the factorization above.

FILTRATION 5.3.3. Assume now that R is complete. By Cohen’s Structure
Theorem, cf. §1, R can then be written as a residue ring of a regular ring @ by a
Q-regular sequence © = z1,...,7, € m?, that is, R = Q/(x). We use the notation
from the factorization in Remark 5.3.1.

The Q-module S = Q/(x"") has a filtration

O:Spnc CSpnc_l c---CS5 CS=S8
with subquotients isomorphic to R; it produces exact sequences
0— Spy1 —= S 5 R—0 for k=0,...,p"—1

with oy equal to the map o in the factorization in Remark 5.3.1. Tensoring
each sequence on the left with the S module M’ = M ®pr #S, we obtain, for
k=0,...,p" — 1, long exact sequences

2) — Tor(M',°R) 2 M ®5 Sj1 —— M’ @5 S, 25 M’ @5 R — 0

In each long exact sequence, the last term can be recognized as

(3) M ®s°R=(M®r"S)®s R= M@ ¥ R=Fn(M).
Similarly, in the sequence for k = 0, since Sy = S the second-to-last term is
(4) M ®sSo =M =M®r"S=M®cq?Q=F5M).

5.4. Proofs. We are now ready to give the proofs of the results in 5.1 and
5.2. In each proof, we use the notation and constructions from Remarks 5.3.1 and
5.3.3. In particular, once we have reduced to the situation where R is complete,
setting M’ = M ®g #S, we use repeatedly the isomorphisms (1) from 5.3.1

Torf(M,#"R) 2 Tor{ (M',°R).
The first proof is from [9] but is modified to include the simplification of the
first part given in [15].

SKETCH OF PROOF OF THEOREM 5.1.1. By 5.3.2 we may assume that R is
complete.

The first part is proved by induction on j > i. Suppose that Torf(M7 *DTLR) =0
and thus Torf(M', °R) = 0. Since Spne = 0, the long exact sequences (2), beginning
with the one for £ = p"¢—1 and ending with the one for k = 1, yield Torf(M', S1) =
0. Since Sp = 5, it is automatic that Torf_i_l(M/,So) = 0 and so the long exact
sequence for k = 0 yields Torjs+1(M', °R) = 0, as desired.

For the second part, by passing to a syzygy module of M we may assume
i =1, and so Torf(M, ¢"R) = 0 for all 7 > 0. Equivalently, Torf(M’, °R) = 0 for
all 7 > 0, and so it follows from [37, Prop. 2.1] that

cxg M’ + cxg 'R = cxg(M' ®g °R)
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where cxg denotes complexity, cf. Appendix B. The right-hand side is at most
equal to ¢ = codim S, cf. Appendix B. On the other hand, by a result of Tate [54,
Thm. 6], an explicit resolution of R over the complete intersection ring S is known,
and it yields cxg R = ¢. This forces cxg M’ = 0 or, equivalently, pdg M’ < oo.
Since p is faithfully flat, this implies that pdp M < oo. O

Combining the original proof in [14] with ideas from [9], and [15] yields

PRrROOF OF 5.2.1. By 5.3.2 we may assume that R is complete.
Keeping the isomorphisms (3) and (4) in mind, we see by counting lengths in
the exact sequences (2) that

UFG(M)) < (Fr(M))p™,

with equality holding if and only if §; = 0 for j = 0,...,p"¢ —1. Since @ is regular
of dimension d + ¢, the left-hand side equals ¢(M)p™(¢*+¢) by Remark 4.1; thus,

UFR(M)) > ((M)p™,

with equality holding if and only if 6; =0 for j =0,...,p"¢ — 1.

If M has finite projective dimension, then Tor?(M,¢"R) = 0 for all i > 0 by
Theorem 2.1.3 and thus Tory (M’,°R) = 0 for all i > 0. Therefore from the exact
sequences (2) we get 0; = 0 for all j, giving the conclusion of (ii). O

The remaining result is now almost immediate.

PROOF OF 5.2.2. As shown in the preceding proof, the equality ¢(Fj(M)) =
¢(M)p™® implies that 0; = 0 for all j. In particular, d¢ is the zero map, and the
sequence (2) yields Tor{ (M, °R) = 0 since Tory (M’, ) = 0. Therefore, one obtains
Tor®(M,¢"R) = 0, so M has finite projective dimension by Theorem 5.1.1. O

5.5. Growth of Tors. Theorem 3.2.3 yields a comparison of the asymptotic
homological behaviors of the modules "R and k; more specifically it relates the
growths of the sequence Zw(Torf’(k‘, #"R)) to the Betti numbers ER(TorlR(k‘, k))
of the residue field. In this section we discuss an extension of this for complete
intersection rings in which k is replaced by any R-module M of finite length.

REMARK 5.5.1. The Betti numbers of M have quasi-polynomial behavior: by
[20, Cor. 4.1] and [3, Thm. 4.1] there exist polynomials b4 (¢) € Q[t] such that

b_(i) forall i=2s+1>0;
degby(t) =degb_(t) =cxg M — 1.

) forall =2 .
KR(Torf(M’k)):{bJr(Z) orall i=25>0;

Similarly, we ask about the rate of growth of £,.(Tor, (M,¥"R)), where the
length is measured as in Appendix A.2. The next result shows that if (M) is
finite and 7 is fixed, the numbers £, (Tor*(M,#"R)) grow at the same rate as do
the numbers £g(Tor?(M, k)).

THEOREM 5.5.2 (Avramov-Miller, [9, Main Thm.]). Let R be a complete inter-
section local ring and M an R-module. If Lr(M) < oo, then for every n > 0 there
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exist polynomials h4(t) € Q[t] such that

h_(i) forall i=2s+1>0;
max{degh(t), degh_(t)} = cxg M — 1.

n ) =2 ;
&(,n(TorZR(M,‘P R)) = {h+(z) forall i=2s>0;

The proof involves using Matlis duality to convert to Ext modules, where an
algebra structure and the theory of the complexity of pairs of modules is available.

6. Asymptotic numerical conditions

6.1. Asymptotic criteria. Kunz [29], cf. §1, introduced the numerical func-
tion n — £(R/mP"]) as an analog of the Hilbert-Samuel function n s £(R/m").

More generally, Monsky in 1983 considered the function n ~— (M /IP"1 A1) for
any m-primary ideal I and finitely generated R-module M and named it the Hilbert-
Kunz function of M. As an analog of the fact that the Hilbert-Samuel function
is a polynomial of degree d for n > 0 with leading coefficient e(m, R) defining the
multiplicity of R, he proved:

THEOREM 6.1.1 (Monsky, [40, Thm. 1.8]). Let R be a local ring of characteristic
p, I an m-primary ideal of R, and M a finitely generated R-module. There exists
a constant C such that

o(M/IPIM) = Cpd + O(pn =Y,

where O(p™ 4=V represents a term whose absolute value is less than Bp™d=1) for
some constant B and all n > 0.

In the case that M = R, we can rewrite this function in terms of the Frobenius
functors as £(F™(R/I)) and it is usually called the Hilbert-Kunz function of I. By
Theorem 6.1.1, the limit
((F"(R/T))

lim — ,

n—oo p
then exists; it is known as the Hilbert-Kunz multiplicity epx (I, R) of I. If I = m,
the limit is called the Hilbert-Kunz multiplicity of the local ring R.

The Hilbert-Kunz function and multiplicity have been studied by a number of
authors, beginning with Monsky in [40] and Han and Monsky in [21], and tend
to be very complicated when the ideal in question does not have finite projective
dimension. Defined similarly to the usual multiplicity of an ideal I, the Hilbert-
Kunz multiplicity however seems to reflect arithmetic information about the ideal.
Not much is known yet about its interpretations or even whether it is always a
rational number.

Recently Watanabe and Yoshida characterized regularity of a local ring in terms
of an asymptotic version of condition (c) in Kunz’s Theorem. A simplified proof
was given later by Huneke-Yao [25]. This result is analogous to the classical char-
acterization of regularity in terms of the Hilbert-Samuel multiplicity that says that
if R is unmixed, then it is regular if and only if e(m, R) = 1. Recall that R is

unmixed if dim R = dim E/p for every associated prime ideal p of R.
THEOREM 6.1.2 (Watanabe-Yoshida, [55, Thm. 1.5]). Let R be a unmized local
ring of characteristic p. Then the following conditions are equivalent.

(a) R is regular.
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(C*) eHK(m, R) =1

REMARK 6.1.3. The condition that R is unmixed is necessary as the following
well-known example shows: Let k be a field of characteristic p, and R the ring
k[[x,y]]/(2?, xy) with maximal ideal m = (x,%). Then egk(m, R) = 1 and yet R is
not regular.

Dutta extended Hilbert-Kunz functions of ideals to a module setting by using
Frobenius functors. As in the previous section, let M denote a module of finite
length. Seibert [51] proved that there is a constant C' such that

((FM(M)) = Cp" + O(p™*Y),
so that the limit
L(F™ (M

L UE (M)

n—oo p"d
exists. Theorem 5.2.1 implies that if M is a module of finite projective dimension
over a complete intersection ring, then this limit equals ¢(M). Furthermore, over
complete intersection rings the converse was proved in [38], yielding the correspond-
ing module version of Theorem 6.1.2 over these rings. We give the proof here since
it can be shortened substantially now in view of the more recent results.

THEOREM 6.1.4 (Miller, [38, Thm. 2.1]). Let R be a complete intersection local
ring of characteristic p, and let M be an R-module of finite length. The following
conditions are then equivalent.

(a) M has finite projective dimension;
LF™(M
(c*) lim U (M) ={(M).

n—oo pnd

PROOF. By Theorem 5.2.1 with n = 1, applied to the modules F*(M) for i > 0,

we see that the sequence
(ﬂ (F"(M)) ) ~
pnd o
is nondecreasing. If pd(M) < oo, then the limit equals £(M) by Theorem 5.2.1.
Conversely, if the limit of the sequence equals ¢(M), namely, its initial term,
then all terms are equal, i.e., £/(F"(M)) = £(M)p™® for all n > 0, and so M has
finite projective dimension by Theorem 5.2.2. O

COROLLARY 6.1.5. Let R be a complete intersection local ring of characteristic
p. If I is an m-primary ideal, then it has finite projective dimension if and only if

ek (I, R) = ¢(R/I) O

6.2. Local Chern characters. We cannot expect results like Theorem 6.1.4
to hold over arbitrary local rings since, in fact, the modules in Example 4.4 satisfy

i S ).

n—oo p”d
Why such examples can exist over non-complete intersection rings is explained by
the theory of local Chern characters of Baum, Fulton, and MacPherson, [10] and
[17]. It was developed further by P. Roberts in [45] for use in his proof of Serre’s
Vanishing Conjecture for rings of mixed characteristic, where his result on the
commutativity of the local Chern characters was the main ingredient. He used the
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theory again in an essential way in his proof of the New Intersection Theorem in
mixed characteristic [47].
Following the exposition in [47] and in [48], we briefly sketch the explanation
given by Roberts of the obstruction to an equality
mn
i EOD)
n—oo pr
for modules M of finite projective dimension.
Assume first that R is an arbitrary complete local ring. For a closed subset X
of Spec R let A, (X)g = @ Ai(X)g denote the rational Chow group of X, that is,
A;(X)q is the Q-vector space on cycles of codimension ¢ modulo rational equiva-
lence. Given a bounded complex L, of finitely generated free R modules with finite
length homology, there exists a local Chern character

ch(Le) = chg(Le) 4+ chyg—1(Le) + - - - + cho(Ls)
where, for each i,
ch;(Le): A;(Spec R)g — Ap({m})o = Q.
If L, is the resolution of a module M of finite length and finite projective dimension,
then by a special case of the Local Riemann-Roch Formula (cf. [48, Thm. 12.6.1])
there exists an element
T(R) = 1q(R) + - - + 10(R) € A.(Spec R)q,
called the Todd class of R, such that

d
(M) = ch(Le)(r(R)) = Y chi(La)(7i(R)).
=0

Now suppose that R has positive characteristic p and perfect residue field and
that the Frobenius endomorphism is a finite map. The following result follows from
the facts that F™(L,) is a resolution of F™(M) (cf. Theorem 2.1.3) and that local
Chern characters are compatible with finite maps.

THEOREM 6.2.1 (P. Roberts, [48, Prop. 12.7.1]). With the hypotheses above,

d
((F™(M)) = ch(F"(Lo))(r(R)) = Zp"i chi(Le)(7i(R)),

and thus P
L UE(M))

n— 00 pnd

= cha(Le)(Ta(R)).

This result, as well as Roberts’ proof of the Vanishing Theorem, are motivations
for the following definition.

DEFINITION 6.2.2 (Kurano, [31, Def. 2.1]). Let R be an algebra of finite type
over some regular local ring. The ring R is Roberts if 7;(R) = 0 for all i < d.

DEFINITION 6.2.3 (Kurano, [32]). Let R be an algebra of finite type over some
regular local ring. The ring R is numerically Roberts if for any finite free complex
L, with finite length homology ch;(Le)(7;(R)) = 0 for all i < d.

COROLLARY 6.2.4. If R is a numerically Roberts ring and M a module of finite
projective dimension, then ((F"™(M)) = £(M)p™? for all n > 0. O
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Certain numerically Roberts rings have identified by using the following result.

THEOREM 6.2.5 (P. Roberts, [46, Thm. 2], [48, Thm. 12.4.4]). Let R be a
complete local Ting of characteristic p.
(i) If R is complete intersection, then 7;(R) =0 if i < d, i.e., R is Roberts.
(ii) If R is Gorenstein, then 74—;(R) =0 if i is odd.
(i) If dim R > 0, then Ap(Spec R)g = 0.
(iv) If Le has finite length homology and dim R > 1, then chy(L,) = 0.

For lack of a suitable reference, we briefly explain (iii): letting p be a submax-
imal prime ideal of R and x a non-unit outside of p, so that m is the only prime
ideal in the support of R/((z) +p), we see that div(z,p) = £(R/((z) + p))[R/m] in
the Chow group of R. Thus [R/m] is zero in the rational Chow group.

Theorems 6.2.1 and 6.2.5 reaffirm that the equality ¢(F™(M)) = £(M)p" holds
for modules M of finite projective dimension over the rings in each of the classes
in Theorems 4.3 and 5.2.1 since in each case R is numerically Roberts. However,
in general the terms ch;(L,)(7;(R)) for i < d account for a possible inequality

i Sy,

n—oo p”d
such as in Roberts’ example described in Example 4.4. In 1996 Kurano [30] found
a five-dimensional Gorenstein ring that is not Roberts (73(R) # 0). The example
of Singh and the author [39], cf. Example 4.4, provided the first five-dimensional
Gorenstein ring that is not numerically Roberts.

Very recently, Roberts and Srinivas [49]used deep K-theoretic results of Thoma-
son and Trobaugh to construct large families of rings which are not numerically
Roberts: these include affine cones of P x P™ studied by Kurano in [30]. More
generally, Roberts and Srinivas consider affine cones of smooth varieties which have
a nondegenerate intersection pairing, and obtain conditions under which Roberts
and numerically Roberts are equivalent notions. More precisely, they show that
for such rings whenever 7;(R) # 0 for some ¢ < d, there is a complex L, with
ch;(Le)(1:(R)) # 0. Whether 7;(R) vanishes can be determined, modulo Grothen-
dieck’s Standard Conjectures, by examining the related theory of topological Todd
classes. The case of Grassmanians was later studied by Kurano and Singh [33],
who determine which of these have Roberts homogeneous coordinate rings.

7. Questions

In this section we consider some natural questions arising from the results
discussed in this survey.

The question remains whether "R is a “test module” for finite projective di-
mension over any local ring:

CONJECTURE 7.1. Let M be an R-module. If Tor]*(M, ¢"R) = 0 for some fixed
i,m > 0, then M has finite projective dimension.

The evidence seems strong: It holds for complete intersection rings by Theorem
5.1.1. At the other extreme, it holds also for rings of depth zero as long as n >
log, (crs,,(R)) by Corollary 2.2.9 and for Cohen-Macaulay rings of dimension one as
long as n > log,(drs,(R)) by Corollary 2.2.12.

As discussed in Section 4, if M is a finitely generated R-module of finite pro-
jective dimension, then an equality ¢(F™(M)) = £(M)p™® holds in the graded case,
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cf. Theorem 4.2; it also holds for complete intersection rings, cf. Theorem 5.2.1 and
for some classes of rings of small dimension, cf. 4.3 and 5.2.1 (indeed, it holds over
any ring that is numerically Roberts, cf. 6.2.4). However, by Example 4.4, it may
fail in general. When it does hold, there is a possibility for a converse; we list the
graded case, perhaps the most approachable.

QUESTION 7.2. Let R = @,-, R; be a graded Noetherian ring of dimension d
with Ry Artinian, and let M be a graded R-module of finite length. If the equality
((F™(M)) = £(M)p"™® holds for all n > 0, does M then have finite projective
dimension?

Next we consider, for a finitely generated module M over a local ring R, the
properties of F(M). By Remark 2.1.7, whenever M has finite projective dimen-
sion, the modules F (M) and M have the same depth, but this fails in general.
On the other hand, it is possible for the sequence {depth F}3(M)}, to be constant
even when pdp M is infinite: modules of finite length give such examples.

QUESTION 7.3. Is there a stable value of depth F(M) as n — oo? For which
R-modules M is the depth of F}3(M) constant for all n?

Finally, we consider asymptotic homological properties of the Frobenius en-
domorphism. Let p,n(—) denote the minimal number of generators. A natural
question arising from Theorem 5.5.2 is:

QUESTION 7.4. If R is a complete intersection local ring and M a finitely
generated R-module, does then the function i — e ( Torf(M, “""R)) have quasi-
polynomial behavior for ¢ > 0?7

If {r(M) < oo, this question has an affirmative answer by the proof of Theorem
5.5.2, cf. [9, §2] for details.

It is known that £z ( Tor/*(M, k)) has maximal growth when M is equal to the
residue field, in the following precise sense: for any finitely generated R-module M,
there exists a constant Cj; such that

Cr(Tor['(M,k)) < Cy - €r(Torf*(k,k)) for all i >> 0.
In terms of complexity and curvature, defined in Appendix B, this implies
cxp(M) < exp(k) and curvg(M) < curvg(k).

This suggests the following question for Tors against the powers of the Frobenius
endomorphism.

QUESTION 7.5. For any finitely generated module M over a local ring R, does
there exist a constant C; such that an inequality
fign (Torf (M, #"R)) < Cas - £yn ( Torf (k, ?"R)),
holds for all ¢ > 07

Appendix A. Module structures

The power of methods based on the Frobenius endomorphism is partly due
to the fact that it provides every R-module with two different actions of R. This
creates different R-module structures on tensor products, Tors, etc., which may be
confusing for first-time users. In this appendix we review these structures and the
basic properties they inherit from the original R-module.
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In order to differentiate between the various actions of R, we first review the
necessary facts in a more general® set-up: o: A — B is a homomorphism of com-
mutative Noetherian rings, M is an A-module and N is a B-module. We always
view N as an A-module by restriction of scalars via a.

A.1. Module structures on the Tors. The tensor product M ® 4 N has a
canonical structure of a B-module® via N, given by b(m ® n) = m @ nb.

Similarly, each Torg4 (M, N) has a canonical structure of B-module, via N. It
can be defined by writing Tor:'(M, N) as the homology of the complex (Le ®4 N),
where L, is a resolution of M by free A-modules.

A.2. Generation and length. Some properties of M are preserved by the
Tors.

FINITE GENERATION A.2.1. If M 1is finitely generated over A and N 1is finitely
generated over B, then Torf‘(]%7 N) is finitely generated over B.

PROOF. Let Lo be a resolution of M by finitely generated free A-modules.
Each module in the complex Lo, ®4 N is then a finite direct sum of copies of NV
and hence it is a finitely generated B-module. Since B is Noetherian the homology
modules are finitely generated as well. (I

FINITE LENGTH A.2.2. Suppose that N is a finitely generated B-module such
that {p(N/a(m)N) < oo for every mazimal ideal m of A. If M has finite length
over A, then Tor (M, N) has finite length over B.

We use £, (Tori*(M, N)) to denote the length of the B-module Tor: (M, N).

REMARK A.2.3. The condition on the lengths of N/a(m)N holds, in particular,
if & is a map with finite closed fibers, that is, if £5(B/a(m)B) is finite for every
maximal ideal m of A.

PROOF. Since Torf‘(M7 N) is a finitely generated B-module by A.2.1, it is
enough to show that its B-support consists only of maximal ideals. Let g be a non-
maximal prime ideal in B, and let p be its contraction to A. There are isomorphisms

Tor{" (M, N)q = Tor{ (M, N), ®a, By = Tor{*(M,, Ny).

If p is maximal, then the set Supp(N/a(p)N) = Supp(B/a(p)B) () Supp(N) con-
sists of maximal ideals by hypothesis. In this case, Nq = 0 since a(p) C q. If p is
not maximal, then M, = 0. ([

A.3. Tor as an A-module. Since A4 is commutative, each Tori'(M, N) has
also a structure of A-module, induced by the action of A on M. This endows
Tor{(M, N) with a natural structure of A-B-bimodule for each i > 0, cf. [35, V.7].
Now the B-module structure gives rise to another A-module structure by restriction
of scalars via a.

COMPARISON OF A-STRUCTURES A.3.1. The two A-module structures defined
above on Tor (M, N) coincide.

5In Appendix C we specialize to the case where a is the n-fold composition p": R — R of
the Frobenius endomorphism of a Noetherian ring R, M is an R-module, and N = R.

61t is perhaps useful to think of A and B as noncommutative, so the A-module structures on
M and N have been “used up” in forming the tensor product and only a B-structure remains; it
is via the B-structure that modules retain properties such as finite generation and finite length.
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PROOF. For i = 0 the conclusion follows from the equalities
alm®n)=am@n=ma®@n=m® an =mQna(a) = (m Q n)a(a)

for any m € M, n € N and a € A. Let L, be a projective resolution of M over
A. By the same argument, the two A-module structures on the complex Lo ® 4 N,
and thus on its homology modules Torf‘(M ,N), agree. O

Applying A.2.1 to the identity map of A we get:

FINITE GENERATION A.3.2. If M and N are finitely generated over A, then
the A-module Tor; (M, N) is finitely generated. If, furthermore, £4(M) < oo, then
{A(Tor (M, N)) < . O

Now suppose that « is local and that A and B have residue fields k£ and I,
respectively. The map « induces an injection of residue fields k < [. Let W be a
B-module that has finite length when viewed as an A-module. A filtration of W
over B with £5(WW) subquotients isomorphic to I, which has length ¢ () over A,
yields

() - lp(W) =L4(W) < o0
In particular, {g(W) is finite, and so is £ (1) if W # 0. By A.3.2 the preceding
discussion applies to W = Torf(M ,N), if £4(M) < 0o and N is finitely generated
over A, cf. A.2.2.

COMPARISON OF LENGTHS A.3.3. Suppose that a: A — B is a local homomor-
phism of local rings with residue fields k and 1, respectively. If £4(M) < co and N
is finitely generated over A, then

La(Tor (M, N)) = £,(1) - Lo (Tori (M, N)) < oo O

Appendix B. Complexity and curvature over a homomorphism

We extend the notions of complexity and curvature of a finite module over a
local ring A to a relative situation.

Let a: A — B be a local homomorphism of local rings with residue fields k and
[, respectively, such that {g(k®4 B) < oo. Let N be a finitely generated B-module.
Then by A.2.2 we have £, (Tor; (k, N)) < oo for all i > 0. So we may make the
following definition.

DEFINITION B.1.1. Define the complexity and curvature of N over « as

exo N = inf{t € Ny | £o(Tor(k, N) < fi*~, some 3 € R, all i > 0}

curvy, N = limsup; v/ Lo (Tor? (k, N))

When « is the identity map id 4, we set
cxa N =cxiq, N and curvg N = curviq, N.

These “absolute” notions have been used earlier, cf. [5]. We review some standard
facts for these: Clearly, an A-module N has finite projective dimension if and only
if cxa N = 0. If A is complete intersection, then cxs N < edim A — dim A by [20,
Cor. 4.1], with equality when N = k. The curvature of N is always finite (cf., e.g.,
[4, (2.5)]), and it is maximal when N = k ([5, Prop. 2]).
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The finiteness and extremality statements carry over to the “relative” concept
defined above, as proved in [8], that is,
(5) cxoN < cxa k and curvo N < curvy k.

If N happens to be finitely generated over A, then its complexity and curvature
are defined over A as well. In this case relative and absolute notions agree:

COMPARISON OF COMPLEXITIES AND CURVATURES B.1.2. Let a: A — B be a
local homomorphism of local rings. If N is finitely generated over A, then

cxgN = cxqg N and curvy, N = curvy N.

This is seen by applying A.3.3 to M = k.

Appendix C. The Frobenius endomorphism

Let R be a Noetherian ring of characteristic p.

We now specialize the results above to the case where « is the n-th Frobenius
endomorphism ¢": R — R, M is an R-module, and N = R. As explained in
Sections A.1 and A.3, we have two R-module structures on Tor:(M,#"R). The
structure used is the one that preserves finiteness properties of M, namely the one
described in Section A.1; it comes from the action of R via idg on the right-hand
variable R. The facts below apply, in particular, to F™(M) = Tor{ (M, *"R).

The first facts follow from A.2.1 and A.2.2.

ProrosITION C.1.1. Let M be an R-module.
(i) If M is finitely generated, then so is Torf(M, ¢"R).
(i) If M has finite length, then so does Tor®(M,*"R). O

Construction B.1.1 yields notions of complexity and curvature over the powers
of the Frobenius endomorphism. Inequalities B(5) yield finiteness statements:

ProrosITION C.1.2. Let R be a local ring with residue field k.
cxon R < cxpk and curvyn R < curvg k.
By A.3.3 and B.1.2 we have

ProrosiTiON C.1.3. Let R be as above, and suppose that ©™ is finite.
(i) If M is an R-module of finite length, then

Cr(Tor{ (M, #"R)) = {3 (k) £on (Torf (M, #"R)).

where kP" = @ (k) is the subfield of p™-th powers.
(ii) There are equalities

cxpnR=cxp? R and curvpn R = curvg ? R. O
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