Satisfiability and Percolation in Two
Dimensions

J. M. Schwarz and A. A. Middleton
Dagstuhl Seminar, September 17, 2003

[cond-mat/0309240]
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Playing with P-NPC & physics

Exploring how ideas from statistical physics can be applied to
solving hard problems with finite-dimensionastructure.

e Phase transitions (cf. w/ mean field)
e Percolation
Rare region arguments

Thermodynamic state

Exploring problem structures and algorithms.

Faster algorithmss Better physics (?)
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Ensemble of formulas

inenN Boolean variableX = {1, z2,...,zx} (with
literalsy = {x1,...,2x,Z1,...,Tn}), K-SAT formulas are
conjunctive compositions of disjunctive clausgs= V<  ym:

M I
F= /\771:1 vl:l ylm
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Ensemble of formulas

M &
i = Am:l vl:l ylm

We study the ensemble of formulas:
o that aretwo-dimensional
with K = 1,2[a= My/N ,v = M; /N ]
whose clauses connewntarest neighbovariables.
have literals with probl /2 of being negated variables.

Note: spin glass in (correlated) field.
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Example

(.Z‘l V l‘3) AN (SCQ \/T4) A\ (l‘4 Vf7) A (TQ) A\ (1176)
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How about that SAT/UNSAT transition?

Absent, since

two loops are much easier in finite

For anya = M,/N, 3, with prob. 1, unsatisfiable subgraphs
(not true in MFT.)
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How about that SAT/UNSAT transition?

Absent, since

two loops are much easier in finite

For anya = M,/N, 3, with prob. 1, unsatisfiable subgraphs
(not true in MFT.)

0 1
Not just a simple \/
frustrated cycle, but 2
two "forcing triangles:
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Density of UNSAT subgraphs

Standard enumeration:

Graph

Density

Density

het

& 7
o368 +O(a)

2507 8
79036 TO(a")

“he

ey DY

eFirst . ePrev: eNext..

A

L'ast G0 Back eFull'Screen: GClose. e Quit:




Crossover location

a1 2(N = L?) is wherel /2 of the graphs are satisfiable.

2SAT, triangular
28AT, square
1-in-2-SAT triangular
1-in-2-SAT, square

10° 10° 10* 10° 10° 107
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What to do?
Smalldoubleloops make the SAT transitiazoarse.
So look at the big loops:

e Use implication digraphs to untangle logical structure.

e Largecontradictory logical structures appear at an

ag > a., Wherea, is edge percolation.
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Digraphs

Implication digraphs replace 2-clauses with 2 implications and
1-clauses with a single implication:

(z1V z2) (z3V T4) (z5)

o O 0 O O
5

@ O O ©

Construct set of directed edges among litexals for a given
formula.
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Extracting structure

Can find strongly connected components with contradictions
(CSCs) in time linear ifa + 1) N.

For drawing purposes, project ontariables.
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Extracting structure: “small” «
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Decomposing structure

e CSCs are logically independent.
e So can study 2SAT or MAX2SAT using single CSCs.

e Seems this can be treated as percolation problem:

— When spans, large component to logical structure.
— Checks shoveonsistent wittstandard percolation
x Cluster distribution and finite-size scaling.

x 7 = 2.02(5), v = 1.32(3) [cf. 187/91 and
4/3]
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Percolation
Further support:

o Pfeiffer & Reiger [PRE67, 056113 (2001)] studied un-
correlated directed edges. Quite consistent with standard
percolation.

e Bollobas, Borgs, Chayes, Kim & Wilson [Rand. Struct.
Alg. 18, 201 (2001)] relate implication digraphs to stan-
dard percolative graphs, to study width of 2SAT transition
in MFT. This mappingvorksin finite-d, but it doesn’t di-
rectly address CSC percolation.
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Running times for MAXSAT

Planar MAX2SAT is NP-hard!

Adapted Borchers & Furman code [DPLL after initial
heuristic - see J. Comb. Optin2, 299 (1999)] to get
exact solutions.

Timing measured in # of backtracks.

We find that the median or exp(mean of log of running
time) for a cluster of size scales as

t*(s, ) ~ exp(s/s;(a))
wheres. is only weakly dependent an.

Combine with cluster distribution(s) ~ exp(—s/s¢()),
wheres, diverges asx approaches..
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Dynamic divergence

Defineag, a. < ag < ag, where the exponential growth of
running time exceeds the exponential decay of the cluster size
distribution.

n(s)t(s)
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Dynamic divergence

e Fora < ag, can solve in timex L2.

e Fora > ag, median solution time should hg?s¢/s7
while mean time diverges (dominated by system size clus-
ters.)
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How many thermodynamic states?

1. Solve for the ground state in
areal? system.

. Solve again over ared.’)?.

. Compare the solutions in a win-
dow of areaw?.

. Repeat for many samples-
BT b )

. Solved WMAXSAT (uniform
distribution of weights) to re-
solve degeneracies.
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Exponential convergence to a single state

Usea = 1.7, v = 0.2, above CSC percolation.

B is max. # of backtracks (bounds run time, tdke— o).
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Some speculation, single state systems

e Solve for ground states of many overlapping subsamples
of linear dimensiorf > &.

e Patch together the solutions (agreement in overlapping ar-
eas).

e This will fail, of course, in rare cases.
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Wrapping up . ..

Finite dimensionaénsemble of 2SAT problems.
No SAT/UNSAT transition Quantitative understanding.
Percolation ofogical structureafter bond percolation.

Rare regionsan dominate running time in sub-percolative
phase. (Dynamic transition.)

Unique ground statim limit of large systems. [Heuristic
algorithm.]
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