PHY662, Spring 2004, Apr. 6, 2004

6th April 2004

1 Miscellaneous

1. Reading: Continue Shankar Ch. 18 for time-dependent perturbation theory, elec-
tromagnetism, also Griffiths Ch. 9 (though it is a bit simplified, especially as
it sticks to two-level systems at first). Skip higher order perturbation theory in
Shankar and read up to “Field Quantization” (p. 506 in the second edition) by
Tuesday, April 13. We will spend four more lectures on time-dependent pertur-
bation theory, then two weeks on scattering.

2. Office hours will start at 4:00 on Wednesday for this week and next. This week’s
and next week’s homework are due on Thursdays.

2 Fermi’s Golden rule
For H' = V(7)e~**, the transitiorrate fromi — f is
2 o .
D~ = [V (Fw)[0) *8(Ef — Bi - hw).

In this form, thed-function has been pulled out for convolving witkw) and the per-
turbation is taken to be of the forii (7, w)e =",

Reminders:
e This can be applied t&" = V(r) cos(wt) by writing thecos() as the sum of two
exp().

e Thed() results from integration over perturbation tiffiein the limit 7" — oc.
Handling thej-function can require careful application.

e What are the units in this formula?



3 Examples

Fermi’s golden rule allows one to compute real transition rates for real atoms. To do
so, we will need to build up some background with electromagnetism as applied in
guantum mechanics. Before we do that, let us apply this rule using two examples.

3.1 Harmonic oscillator subject to a distribution of frequencies

Suppose you have a charged particle in a 1D harmonic oscillator with frequgncy
You modify the potential by applying a classical electric fi€ld) that is uniform in
space and that behaves like “white noise” over time. At any given instémt change

in potential is—¢&(t)X. White noise has the property that the Fourier component at
each frequency is uniform. Writing(t) = [~ dw Eq cos(wt)po gives

V'(t)=q€(t)X = / dw qX Eopg cos(wt)
0

where it is understood that there is a randomness between the frequencies that makes
the perturbation incoherent (one could add a random phase ta.gpdfor acos(wt)
perturbation, Fermi’s golden rule then gives the transition rate from the ground state to
the first excited state at a given frequency as

e
Ly = o= (flaX Bol)P5(Ey — i — hw) + 8(Ey — By + hw)).
SinceEy = Ey > Ey = E; and we are integrating over positive frequency, the

second-function can be dropped. Notice that the matrix element is independent of
Summing ovew gives

[e.e]
Y
Toy = ﬁ\<1|qXEO\0>|2/ dw po§(Ey — Eg — hw)
0
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(Let us check the units to help us believe that the calculation was properly done.)

3.2 2D particle in a box with ad-function potential

Consider a particle confined to 2D motion. The particle can be considered to be con-
fined to a 2D box of linear sizé and ared.?, centered at the origin{L/2 < z,y <

L/2). One could take) = 0 at the boundaries, but it is much more convenient to
takey (7 + mLi + nLg) = ¢ (7) for integerm, n. This gives periodic or “toroidal”



boundary conditions. In the end, we hope (this is not always the case) that the exact
boundary conditions do not matter.

Taking these boundary conditions quantizes the energy and momenta of the free parti-
cle. The eigenstates; (") = L~'¢'*"have momenta = ik, with & = (k,, k,) =

27 (n,,n,) and energye,, ,,, = h;’ff.

Suppose that the particle is not quite free, but that there is a “weak” potential of the
form V(7) = g6®(7). What are the units of (V has the units of energy)? This is a

zero-frequencyu{ = 0) perturbation.

Let the particle initially be in an unperturbed eigenstate, l%ay Z. This isnot an
eigenstate of the perturbed Hamiltonian. One way to study the effect of the pertur-
bation is to ask the question “What is the rate for a transition to another momentum
eigenstate?”.

This can be answered using Fermi’s golden ruIe.lIfebe the momentum of the final
state. Then

Liw

(fIVID[Po(Es — Ei).

2w |
h
The matrix element is straightforward,

e—iksT ciki- ¥

N 2.6 T c@mC " _ r-2
UVl = [ | b0 G = ar 2,

So the only thing to do is to incorporate thidunction, which requires a little care.

Here, the perturbing frequency is precisely defined=( 0), so we look to the density
of states for guidance. That is, there is a dengit§) that needs to be summed or
integrated over together with tliefunction.

For largeL, we approximate the sum over final states by an integral.
Given a “volume” element?k in E—space, the number of states in that volume element

IS
2 2
(L) d2k = <L) k dodk
2 2T

where we have gone to polar coordinates since the final states will have cdnstant
|k|. [Draw picture here!]

Thed-function is overE, though, so we change coordinates again,

272

B — 7k
2m
2

dE:Mdk
m

so the number of states in an angland energy rangeéFE is

L\? L\’ m
— | kdOdk =| — | — dOdE.
<27r> d (27T) K2 d



The total rate of transitions out of to any final staté: is then

2T 5 4
D Tig = - 9L > 3(Bf - E)
iy iy
2ng?L=4 [ 2 L\’ m
= — dE do | — | =0(Er—E;
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4 Electromagnetism

[See Shankar for Maxwell's equation and this discussion.]
The highlights are: rewriting the electromagnetic field using the potentialsd,

B = VxA

q 104

E = —-== Vg,
c Ot Vo

the choice of Coulomﬁb gauge for the “free electromagnetic field” (where sources den-
sity p = 0 and curreny = 0)

V-A =
¢ = 0;
and the equations of motion fot in the Coulumb gauge

- 1824
v2 —
A=z = O

These equations give that wavesArtravel at speed and that plane wave solutions
for A are of the form
A= Agcos(k -7 — wt)

with the important resulting condition (transverse waves)
k-Ay=0.

The resultingﬁ and B fields have equal magnitude and the energy density is

1 — —
w= o (EP +B).
s

Note on units e—: has the units of energy, gchas the units of/E - L. Forr = A

me?

0.0529 nm (the Bohr radius),é has the valud3.6eV as a Rydberg i23.6eV and
(V) = —2(H). Soe? = 13.6 x 0.0529¢eV - nm = 0.72eV - nm (mixing up CGS and
Sl units in a controlled way).



4.1 Potentials in quantum theory

Shankar works using path integrals. This is important and | suggest you read it, but
we are not focusing on path integrals this term. Remember that the Hamiltonian for a
charged patrticle in only an electromagnetic potential is

h2
2m

(=20 +

Let's rederive the conservation of current using this Hamiltonian.



