PHY662, Spring 2004
Outline for Tues. Jan. 27, 2004
Spins in static and dynamic magnetic fields:
precession and resonance

26th January 2004

1 Administration

Today

1. Homework review: also a chance to review precession. INealecay: using
g — 2 to look for supersymmetry.

2. Conservation and symmetry.

3. Magnetic resonance.

2 Homework review

[See KEY for HWK #2 - we will spend more time on problem #3].

One of the more interesting scientific uses for precession is to logk &t This is not

zero, as predicted by, say, Dirac theory, due to corrections from, if you like, from virtual
particles. The brief existence of extra particles affects the response of the particle to
external magnetic fields.

For the electrong = 2.002 319 304 374 4 0.000 000 000 008. This is extremely accu-

rate and in good agreement with theoretical calculations. [Source: Particle Data Group,
2003.]

For the muong = 2.002 3318416 + 0.000000001 2. [From the BNL experiment,
January, 2004; see arxiv.org/hep-ex/0401008.]

The experimental result for the muon isrld disagreementvith the theoretical pre-
dictions (1 or 2 standard deviations). Does this indicate the existence of unknown
particles, such as supersymmetry? We will have to wait and see. The theoretical pre-
dictions are somewhat unsettled, actually. Also, disagreement at the several standard



deviation level often vanishes as more data is taken. But no one is taking data right
now.

3 Conservation and Symmetry

We didn’t have time last meeting to cover this properly. Here are the details, which |
will review in class:

e A symmetry is a (time-independent) unitary operator that does not change the
equations of motion.

e LetU be a symmetry operator. Therlif) obeys the equation of motion, so does
Ul): 5
HU) = ih= Ui

This implies that
HUJY) = ihlU 5, |w> UH|¢)

as|y(t)) obeys the Schrodinger equatlon. Thid§’ = UH. AsU'U = 1 for
unitary operators, this can be written as

U'HU =1 =UHU'.

e Suppose there is a set of symmetries that are parametrized by a single contin-
uous parameterU(a). By composition,U(a)U(a) = U(2a). Examples are
translations by a distaneeor rotations by an angle about a given axis. Write
U(a) = exp(aG/ih). The operato(F is said to be ajenerator(or sometimes
charge) for the family of symmetriel’s’( )- Note that - 3 U(a) = £U and

2Ut = ZeoGl/(=ih) = B o=aG/ih — —Gj, SlnceU( )ls unitary, G must
be Herm|t|an One way to see this is (usidg U] = 0) by noting

2UTU_ ¢!

G
T T el
% _ZhU U+U hU G'+@G.

We can use the same trick, this time taking the derivativH pfather than 1,

0 0 GT G
—~ H = T — (= \yt T
0= 8aH 8a(U HU) (—ih)U HU+U H(ih)U'
This gives
GH - HG=[G,H]=0.

¢ Applying Ehrenfest’s theorem t@ then gives%(G) = (|G, H]) = 0 whenever
G is a generator of a symmet&j(a) for a given Hamiltonian.



4 Comments

The study of spin-1/2 particles is fundamental, as everyday matter is made of spin-1/2
particles. The technology for spin-1/2 systems is also used in the stusiyodével
systemswhich are the simplest non-trivial systems. Often, only two states of a system
are important, so knowing the behavior of two-level systems is very useful.

5 Spins in a constant magnetic field

To repeat from last time, the calculation of the effect of a magnetic field on a spin-1/2
particle is straightforward. We take the Hamiltonian for a spinin a magneticlﬁetd
be

H=—ji-B=—-~5B.

The Schrodinger equaticiﬁ%\w = H|y) has as a solution (wheH is independent
of time)

() = ™Myt = 0)).

This immediately gives

(D) = ()
e S g 0))
= M),

which is just the operator that rotates the state by an an@fe@#yét. This means

that all expectation values, such as the vea;t?)y, can be found by rotation by an
amount proportional to time. So we speak of the spin “precessing”, as the expectation
value itself “rotates” at angular frequenﬁ;yé |

6 Magnetic resonance

Here, we will follow the outline of the calculation given in Baym.
The key result is this:

If you put a spin in a constant magnetic field, there is a well-defined pre-
cession ratey, = ’y|B_:,|. If you in addition apply an oscillatory magnetic
field of strengthB; of frequencyw that is near tavy, the up/down am-
plitudes will strongly oscillate. The frequency of this oscillation in the
amplitudes isv; = vBj; /2. The amplitude is maximal when = wy (res-
onance). As the energy of the spin depends on its orientation, this change
in amplitude means that the spin is absorbing or radiating electromagnetic
energy.



The calculation we will follow will be slightly simplified compared with Baym'’s dis-
cussion by a slightly different (impractical) choice for the oscillatory external magnetic
By

field. The choice will beB; = % cos(wt)& — S sin(wt)y (the more realistic calcu-

lation uses only one of these components, A.js linearly polarized in real life; the
factor of% makes the results agree with the linear polarized éase- B; cos(wt)).

Let the static magnetic field be given Ey) = B,%. The spin Hamiltonian is then
- = B B
H=—S-B=—[ByS. + 71575 cos(wt) — 715'1, sin(wt)] .

The primary time dependence comes fréimand we are working in thé-basis, so it

is reasonable to remove the time independence of the precession in the static field by
rewriting the wave function (spinof))) as a product of the primary time dependence
and a “slow” part|y’(t)):

[9(8)) = =21y (2))

The Schrodinger equatioii 2|y)) = H|y) is then (sinceS. = Zo., etc. and
settingu; = vB1/2):

o . B B .
ihae“’t"z/QW’(t» = [-vB,S. — 771536 cos(wt) + 7715@, sin(wt)]e™*7=/2|y’ (1))
1 )
= h[—iwoaz - %o’x cos(wt) + %ay sin(wt)]e™t 7=/ 2|y (1))

Since Zewto=/2]y) = %quem"z/Q\w’ > +ei‘“t"z/2(%|z// >, multiplying both
sides bye~**°: and cancelling out th&’s gives the equation

0 1 . ,
Lo i) = —mweos |t > e 2B g cos(wt) — Lo, sin(wt)]e™ 7 [y (1)) .
2 ot 2 2 2
Now, o, anticommutesvith o, ando,,. Soo,0, = —0,0.. But
aiow = —0,0,0, = awog.

This means that odd powers ©f anticommute withr,, while even powers commute.
A similar demonstration holds far,. Using the expansion for the exponential, this
means that

e—iwtaz/QU - eiwto'z/Q

xr — xT )

giving

| 9 / — w— %o w1 : iwto, !
Zaw ) = 5 0z 5 [0z cos(wt) — oy sin(wt)] e [y

2 2
w—wy Wi 0 cos(wt) + isin(wt) ] [ et 0 ]} ')

0 efiwt

{
- {“’ — 0, — Pl o, cos(wt) — oy sin(wt)] [cos(wt) + isin(wt)az]} 9"
{

2 727 7 cos(wt) — isin(wt) 0
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As the operatof) = (w — wg)o. — w0, is independent of time, the solution to this
equation forjy)’) is

W) = e 2y (0)
efitQtQ/2|,¢)/(O)> ,

whereQ) = [(w — wy)? +w%]1/2 andQ) = (/9. Substituting back in for the real
spinor gives

|¢(L‘)> — ethaz/26_iQtQ/2|w(0)>.

This expression can be used to calculate the ampltitudes for the spinor, given that the
particle is in a static magnetic field and a small oscillating one.

For example, suppose(0)) = { (1) } andw = wo. ThenQ) = —w, 0, is just pro-

portional to the “spin-flip” operatos, = %(S+ + S_). Up spins are turned down

and down spins are turned up. The operatof**®/2 just rotates the spinor by an
angleQt = wst in this case. This leads to an oscillation in the populations of the
up and down spins, with the probability switching between the two states becoming
unity at timevrwfl. If the oscillating field has this duration, it is called a-pulse”.
(Theeto=/2 in front gives a relative phase to the up/down amplitudé®y this spin

flip has been applied and can be ignored for calculating the relative probabilities of
up/down, but not other probabilities.)



