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Spins in static and dynamic magnetic fields:
precession and resonance

26th January 2004

1 Administration

Today

1. Homework review: also a chance to review precession. Noteµ-decay: using
g − 2 to look for supersymmetry.

2. Conservation and symmetry.

3. Magnetic resonance.

2 Homework review

[See KEY for HWK #2 - we will spend more time on problem #3].

One of the more interesting scientific uses for precession is to look atg− 2. This is not
zero, as predicted by, say, Dirac theory, due to corrections from, if you like, from virtual
particles. The brief existence of extra particles affects the response of the particle to
external magnetic fields.

For the electron,g = 2.002 319 304 374 ± 0.000 000 000 008. This is extremely accu-
rate and in good agreement with theoretical calculations. [Source: Particle Data Group,
2003.]

For the muon,g = 2.002 331 841 6 ± 0.000 000 001 2. [From the BNL experiment,
January, 2004; see arxiv.org/hep-ex/0401008.]

The experimental result for the muon is inmild disagreementwith the theoretical pre-
dictions (1 or 2 standard deviations). Does this indicate the existence of unknown
particles, such as supersymmetry? We will have to wait and see. The theoretical pre-
dictions are somewhat unsettled, actually. Also, disagreement at the several standard
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deviation level often vanishes as more data is taken. But no one is taking data right
now.

3 Conservation and Symmetry

We didn’t have time last meeting to cover this properly. Here are the details, which I
will review in class:

• A symmetry is a (time-independent) unitary operator that does not change the
equations of motion.

• LetU be a symmetry operator. Then if|ψ〉 obeys the equation of motion, so does
U |ψ〉:

HU |ψ〉 = ih̄
∂

∂t
U |ψ〉 .

This implies that

HU |ψ〉 = ih̄U
∂

∂t
|ψ〉 = UH|ψ〉 ,

as|ψ(t)〉 obeys the Schrodinger equation. ThusHU = UH. As U†U = 1 for
unitary operators, this can be written as

U†HU = I = UHU† .

• Suppose there is a set of symmetries that are parametrized by a single contin-
uous parameter:U(a). By composition,U(a)U(a) = U(2a). Examples are
translations by a distancea or rotations by an anglea about a given axis. Write
U(a) = exp(aG/ih̄). The operatorG is said to be agenerator(or sometimes
charge) for the family of symmetriesU(a). Note that ∂

∂aU(a) = G
ih̄U and

∂
∂aU

† = ∂
∂ae

aG†/(−ih̄) = ∂
∂ae

−aG/ih̄ = −G
ih̄ U . SinceU(a) is unitary,G must

be Hermitian. One way to see this is (using[G,U ] = 0) by noting

0 =
∂

∂a
U†U =

G†

−ih̄
U†U + U† G

ih̄
U = −G† +G .

We can use the same trick, this time taking the derivative ofH, rather than 1,

0 =
∂

∂a
H =

∂

∂a
(U†HU) = (

G†

−ih̄
)U†HU + U†H(

G

ih̄
)U .

This gives
GH −HG = [G,H] = 0 .

• Applying Ehrenfest’s theorem toG then givesd
dt 〈G〉 = 〈[G,H]〉 = 0 whenever

G is a generator of a symmetryU(a) for a given Hamiltonian.
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4 Comments

The study of spin-1/2 particles is fundamental, as everyday matter is made of spin-1/2
particles. The technology for spin-1/2 systems is also used in the study oftwo-level
systems,which are the simplest non-trivial systems. Often, only two states of a system
are important, so knowing the behavior of two-level systems is very useful.

5 Spins in a constant magnetic field

To repeat from last time, the calculation of the effect of a magnetic field on a spin-1/2
particle is straightforward. We take the Hamiltonian for a spin in a magnetic field~B to
be

H = −~µ · ~B = −γ~S · ~B.

The Schrodinger equationih̄ ∂
∂t |ψ〉 = H|ψ〉 has as a solution (whenH is independent

of time)
|ψ(t)〉 = eHt/ih̄|ψ(t = 0)〉.

This immediately gives

|ψ(t)〉 = e−iHt/h̄|ψ(0)〉

= e−i(−γt ~B)·~S/h̄|ψ(0)〉

= e−i~θ·~S/h̄|ψ(0)〉,

which is just the operator that rotates the state by an angle of~θ = −γ ~Bt. This means
that all expectation values, such as the vector〈~S〉, can be found by rotation by an
amount proportional to time. So we speak of the spin “precessing”, as the expectation
value itself “rotates” at angular frequencyγ| ~B|.

6 Magnetic resonance

Here, we will follow the outline of the calculation given in Baym.

The key result is this:

If you put a spin in a constant magnetic field, there is a well-defined pre-
cession rateω0 = γ| ~Bo|. If you in addition apply an oscillatory magnetic
field of strengthB1 of frequencyω that is near toω0, the up/down am-
plitudes will strongly oscillate. The frequency of this oscillation in the
amplitudes isω1 = γB1/2. The amplitude is maximal whenω = ω0 (res-
onance). As the energy of the spin depends on its orientation, this change
in amplitude means that the spin is absorbing or radiating electromagnetic
energy.
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The calculation we will follow will be slightly simplified compared with Baym’s dis-
cussion by a slightly different (impractical) choice for the oscillatory external magnetic
field. The choice will be~B1 = B1

2 cos(ωt)x̂ − B1
2 sin(ωt)ŷ (the more realistic calcu-

lation uses only one of these components, i.e.,~B1 is linearly polarized in real life; the
factor of 1

2 makes the results agree with the linear polarized case~B1 = B1 cos(ωt)).
Let the static magnetic field be given by~B0 = Boẑ. The spin Hamiltonian is then

H = −γ~S · ~B = −γ[B0Sz +
B1

2
Sx cos(ωt) − B1

2
Sy sin(ωt)] .

The primary time dependence comes fromB0 and we are working in thêz-basis, so it
is reasonable to remove the time independence of the precession in the static field by
rewriting the wave function (spinor)|ψ〉 as a product of the primary time dependence
and a “slow” part,|ψ′(t)〉:

|ψ(t)〉 = eiωtσz/2|ψ′(t)〉 .

The Schrodinger equationih̄ ∂
∂t |ψ〉 = H|ψ〉 is then (sinceSz = h̄

2σz, etc. and
settingω1 = γB1/2):

ih̄
∂

∂t
eiωtσz/2|ψ′(t)〉 = [−γB0Sz − γ

B1

2
Sx cos(ωt) + γ

B1

2
Sy sin(ωt)]eiωtσz/2|ψ′(t)〉

= h̄[−1
2
ω0σz −

ω1

2
σx cos(ωt) +

ω1

2
σy sin(ωt)]eiωtσz/2|ψ′(t)〉

Since ∂
∂te

iωtσz/2|ψ′〉 = i
2ωσze

iωtσz/2|ψ′ > +eiωtσz/2 ∂
∂t |ψ

′ >, multiplying both
sides bye−iωtσz and cancelling out thēh’s gives the equation

−ω
2
σz|ψ′〉 + i

∂

∂t
|ψ′〉 = −1

2
ω0σz|ψ′ > +e−iωtσz/2[

ω1

2
σx cos(ωt) − ω1

2
σy sin(ωt)]eiωtσz |ψ′(t)〉 .

Now,σz anticommuteswith σx andσy. Soσzσx = −σxσz. But

σ2
zσx = −σzσxσz = σxσ

2
z .

This means that odd powers ofσz anticommute withσx while even powers commute.
A similar demonstration holds forσy. Using the expansion for the exponential, this
means that

e−iωtσz/2σx = σxe
iωtσz/2 ,

giving

i
∂

∂t
|ψ′〉 =

{
ω − ω0

2
σz −

ω1

2
[σx cos(ωt) − σy sin(ωt)] eiωtσz

}
|ψ′〉

=
{
ω − ω0

2
σz −

ω1

2
[σx cos(ωt) − σy sin(ωt)] [cos(ωt) + i sin(ωt)σz]

}
|ψ′〉

=
{
ω − ω0

2
σz −

ω1

2

[
0 cos(ωt) + i sin(ωt)

cos(ωt) − i sin(ωt) 0

] [
eiωt 0
0 e−iωt

]}
|ψ′〉
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=
{
ω − ω0

2
σz −

ω1

2

[
0 eiωt

e−iωt 0

] [
eiωt 0
0 e−iωt

]}
|ψ′〉

=
{
ω − ω0

2
σz −

ω1

2

[
0 1
1 0

]}
|ψ′〉

=
(
ω − ω0

2
σz −

ω1

2
σx

)
|ψ′〉 .

As the operatorΩ = (ω − ω0)σz − ω1σx is independent of time, the solution to this
equation for|ψ′〉 is

|ψ′(t)〉 = e−it~Ω/2|ψ′(0)〉

= e−itΩtΩ̂/2|ψ′(0)〉 ,

whereΩ =
[
(ω − ω0)2 + ω2

1

]1/2
and Ω̂ = ~Ω/Ω. Substituting back in for the real

spinor gives
|ψ(t)〉 = eiωtσz/2e−iΩtΩ̂/2|ψ(0)〉 .

This expression can be used to calculate the ampltitudes for the spinor, given that the
particle is in a static magnetic field and a small oscillating one.

For example, suppose|ψ(0)〉 =
[

1
0

]
andω = ω0. ThenΩ̂ = −ω1σx is just pro-

portional to the “spin-flip” operatorσx = 1
h̄ (S+ + S−). Up spins are turned down

and down spins are turned up. The operatore−ΩtΩ̂/2 just rotates the spinor by an
angleΩt = ω1t in this case. This leads to an oscillation in the populations of the
up and down spins, with the probability switching between the two states becoming
unity at timeπω−1

1 . If the oscillating field has this duration, it is called a “π-pulse”.
(Theeiωtσz/2 in front gives a relative phase to the up/down amplitudes,after this spin
flip has been applied and can be ignored for calculating the relative probabilities of
up/down, but not other probabilities.)
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