Homework 10

I'm going to try and remember to cite where I pull equations from in the
lectures from now on when possible. I will refer to lecture equations by their
lecture and slide number, but I won’t bother labeling order on a particular
slide because there isn’t much risk for confusion. For example if I am citing an
equation from the 6th slide of lecture 9 I will label it: L.9.6, with L so it is not

confused with equations within the solutions.

Problem 1
(a) Because it is in a circular orbit r is constant and we have
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(d) By the definition of the shell coordinates from L.16.8
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Integrating we obtain
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Problem 2
(a) Let’s just look at the potential for [ = 4 first of all to get an idea of what is
going on:
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There is unstable orbit around ' = 3 and a (subtle) stable orbit around ' =
10. (If you keep playing around with different I’s you will see that this is a
general feature of this potential albeit the stable orbit is not always so clear
from the plots). Thus if we want the smallest stable orbit we want the smallest
r corresponding to the smallest possible angular momentum or equivalently the
smallest /. From L.19.6 we have
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the solution to which is
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Thus the smallest possible [ is [ = /12. Plugging in this value for 1 for r we get
r’ = 6. (13)
Rewriting in 'unnatural’ units defined on L.19.3 we have
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Problem 3
From L.19.7 we have
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And again from L.19.7 we have

[ r 1 / 1 1
2 = Al/z”Yshell =4/1- 7572 =1/1- 1732 =1.3. (16)
Vi-& 1= (%)

i
= |



Now we have to look at a few things in order to answer whether or not the
particle escapes or not. First of all the dimensionless or reduced coordinates we

have
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Now lets look at the initial position of the satellite. The initial radial distance
of the satellite in reduced coordinates is
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Now the local extrema are given by the roots to the stable circular orbit equa-

tion:
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From the above 3 numbers 3.1 < 8 < 80 we can see that the satellite starts out
beyond the inner extrema. Now the satellite has ¢ = 1.3 in reduced units. The
potential at the extrema is
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and

Furthermore

So there is a bump at r/, = 3.1 and 7’ = co. Thus the particle starts out between
these extrema, has bounded motion from below, and is unbounded from above.
This is perhaps best illustrated with the plot below.
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In the above plot the potential is blue (curved if this comes out black and
white) and the dimensional less energy ¢ is in blue (straight if this comes out



black and white). If you are confused about whats going on here just remember
that all this funky stuff with GR and spherical coordinates doesn’t matter what-
so-ever in this question- by looking at the effective radial potential we have
reduced the problem to a one-dimensional problem that can simply be looked
at as whether or not a ball has enough energy to roll out of a valley.

Problem 4 The effective potential for a photon is

1 2
Viyerr = ) (1 - —,> - (23)

r

To find the allowed circular orbits we set the first derivative equal to zero
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where 1, = GC—QM is the photon sphere radius. In order to find out if this orbit is
stable we evaluate the second derivative of the effective potential at this radius:

O*Vy ers -2 6 -2
’ = =4+ = = 27
or’? s 7’3 + r4 s 81 (27)
Since g—f < 0 the potential is concave down at this point and hence unstable.
Alternatively we can look at the plot:
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which makes it clear that there are no stable circular orbits and only one unstable
circular orbit. Now b = % so b = % = 6. At the peak we have
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Now since
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the photon will not be captured.



